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ABSTRACT: The problem of computing free energy differ-
ences due to isotopic substitution in chemical systems is
discussed. The shift in the equilibrium properties of a system
upon isotopic substitution is a purely quantum mechanical
effect that can be quantified using the Feynman path integral
approach. In this paper, we explore two developments that lead
to a highly efficient path integral scheme. First, we employ a
mass switching function inspired by the work of Ceriotti and
Markland [ J. Chem. Phys. 2013, 138, 014112] that is based on
the inverse square root of the mass and which leads to a
perfectly constant free energy derivative with respect to the
switching parameter in the harmonic limit. We show that even
for anharmonic systems, this scheme allows a single-point thermodynamic integration approach to be used in the construction of
free energy differences. In order to improve the efficiency of the calculations even further, however, we derive a set of free energy
derivative estimators based on the fourth-order scheme of Takahashi and Imada [ J. Phys. Soc. Jpn. 1984, 53, 3765]. The
Takahashi−Imada procedure generates a primitive fourth-order estimator that allows the number of imaginary time slices in the
path-integral approach to be reduced substantially. However, as with all primitive estimators, its convergence is plagued by
numerical noise. In order to alleviate this problem, we derive a fourth-order virial estimator based on a transferring of the
difference between second- and fourth-order primitive estimators, which remains relatively constant as a function of the number
of configuration samples, to the second-order virial estimator. We show that this new estimator converges as smoothly as the
second-order virial estimator but requires significantly fewer imaginary time points.

1. INTRODUCTION
Nuclear quantum effects influence substantially the physical
properties of many systems, especially those containing lighter
nuclei. The terms zero point energy and quantum tunnelling
are often mentioned in this context, although they are just
specific manifestations of a more complex phenomenon. While
nuclear quantum effects increase with decreasing temperature,
they can be substantial even at ambient conditions for many
systems. One of the ways they manifest is the dependence of
physical properties at equilibrium on the masses of nuclei,
which vanishes in the classical limit. Therefore, isotopic
substitution provides an experimental framework in which
nuclear quantum effects can be directly probed. As an example,
the freezing point of heavy water is almost 4 K above the
freezing point of water. Assuming the Born−Oppenheimer
approximation, the potential energy hypersurface generated by

the electronic part of the system is entirely independent of the
masses of the nuclei and thus all nuclear quantum effects are
determined by the behavior of the nuclear part of the system on
this hypersurface.
An important quantity associated with isotopic change is the

free energy difference corresponding to the exchange. While
this difference is trivial for a free particle, in all other situations
it depends on the composition and thermodynamic state of the
environment of an atom or atoms undergoing isotopic
exchange. This results in different isotope ratios in different
environments which are in chemical equilibrium. The
equilibrium isotope fractionation factor is defined as the
Boltzmann factor:
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α β= − Δ − Δ− A Aexp( ( ))1 2 1 2 (1)

where ΔA1 and ΔA2 are free energy differences upon isotope
substitution in the two media, and β = 1/kBT. This quantity
relates to the isotopic ratios R (e.g., R = D/H, deuterium/
hydrogen ratio) in the two media through:

α =−
R
R1 2

1

2 (2)

For example, the different isotopic ratios D/H in the liquid and
vapor phases of water can be used in climate analysis.1 On the
other hand, the lithium isotope system (6Li/7Li) has been
extensively used to understand the chemical processes that
occur during the subduction of tectonic plates.2,3 It is also
considered as a very promising tool to constrain weathering
processes and the CO2 global cycle.4 In these situations, the
fractionation of interest occurs between Li in water and Li in
minerals. Computation of the free energy of isotopic
substitution of solvated Li+ is, therefore, of considerable
interest.
The methods of thermodynamic integration5 or free energy

perturbation6 can be used to calculate these free energy
differences from molecular dynamics or, as suggested by
Zimmermann and Vanıćĕk,7 Monte Carlo simulations. Ceriotti
and Markland8 employed a reweighting of the kinetic energy
and free energy perturbation to calculate the isotope exchange
free energy difference from a single simulation of one of the
isotopes. In this paper, we will focus on the use of
thermodynamic integration to treat this problem. Depending
on the specific application, either a single atom or many atoms
contribute to the free energy change. In the case of a hydrated
lithium cation in the infinite dilution limit, for example, the
mass of a single atom is changed while the rest of the system
serves as its environment. The case of a single H2O changing to
an HOD in liquid water is an example in which a single atom
changes mass; however, this change can occur in any of the
equivalent water molecules in the system. Fully deuterating a
liquid H2O sample would clearly involve the simultaneous mass
change of many atoms in the system, all of which would
contribute to the free energy difference. Finally, quantum
sieving through, for example, a modified 2D graphene sheet9−11

is a technique by which isotopes of small gas molecules such as
H2 or He can be separated, suggesting very different free energy
changes for the passage of one isotope versus the other through
the sieve.
Imaginary time path integrals provide a robust and systematic

way to include nuclear quantum effects in molecular and
condensed-phase simulations.12 The method is based on the
formulation of the quantum canonical density matrix and
partition function as a weighted sum over thermal paths. The
partition function, in particular, requires that the paths be
periodic in imaginary time with a period of βℏ. When the paths
are discretized for numerical implementation, they become
isomorphic to ring polymers composed of a fixed number of
points or “beads”. Each bead is coupled to its nearest neighbors
by a harmonic spring, the strength of which depends on kBT.
For many-particle systems treated as Boltzmann particles, each
time slice through the imaginary time axis is a complete replica
of the system. This formulation is exact in the limit of an
infinite number of beads, but in practice, convergence of a given
property of interest is checked, and a suitable finite number of
beads is used. Potential energy surfaces for path integral
calculations must approximate the true ground-state Born−

Oppenheimer surface and should not, therefore, be para-
metrized to target specific physical properties obtained from
experiment. Most experimental force fields are developed in
this way and, therefore, will reproduce these properties in
classical simulations. Thus, they implicitly contain the influence
of nuclear quantum effects in their effective parameters. As an
example, traditional water models are not suitable for use with
path-integral simulations and must be adapted. Anharmonic
bonded terms turn out to be important for the correct
description of the balance between intermolecular and
intramolecular nuclear quantum effects.1 For these reasons,
electronic structure methods represent a natural choice for
combination with path integrals, as they aim to approximate the
bare potential energy hypersurface for the nuclei. Because of
this match of ab initio methods and path integrals,39,40 it is
important to develop methods that are efficient with such a
combination, particularly given that path integral simulations
are substantially more expensive than classical simulations for
the same system. Sampling of the system of replicas can then be
performed using either Monte Carlo or molecular dynamics. In
this paper, we propose the use of efficient estimators for the
kinetic energy combined with a thermodynamic integration
scheme that requires only a few points and a small number of
replicas to converge the calculation of the free energy
differences associated with isotopic substitution.
In order to test the proposed methodology, we apply it to

several systems with different properties. One-dimensional
model systems (the harmonic oscillator and double well
potentials) allow analysis of the methods under well-defined
conditions and comparison to exact analytical or numerical
results. Small molecular clusters allow the use of more accurate
post-Hartree−Fock ab initio methods together with sufficient
sampling to thoroughly test the methodology, which can then
be directly used for simulations of larger cluster or condensed-
phase systems, typically in combination with density functional
theory. The results of these cluster calculations are also
interesting in their own right and can serve as a benchmark for
methods that are computationally less expensive but also less
accurate. The HF dimer is a fundamental model of the
hydrogen bond, and previous calculations of (HF)2, (DF)2, and
HFDF13 show that upon deuteration, stronger vibrational
mode mixing occurs, which renders an unambiguous assign-
ment of the low-lying states in vibrational spectra somewhat
less clear. The water dimer is a basic model of the hydrogen
bond and the substitution of hydrogen for deuterium is very
common, especially in aqueous systems. Furthermore,
introducing a proton defect into the system, by either adding
or removing a proton while keeping the number of electrons
constant, creates a delocalized proton in the system.14

Quantum effects on this proton are different from those on
protons in pure water systems, as the charge defect is not
locked in a simple OH bond but rather shared by the two
oxygens. We perform simulations of all these three variants of
the water dimer, substituting all the hydrogen nuclei for
deuterium nuclei in all cases. The lithium cation is an
interesting target for ab initio path-integral molecular dynamics
(AIPIMD) simulations for several reasons. A correct
description of the hydration of this species is challenging for
empirical force fields due to the high charge density of the ion,
which results in substantial polarization of the solvent
molecules as well as intermolecular charge transfer.15 While
this problem can be mitigated using either polarizable or charge
transfer force fields or the electronic continuum correction, ab
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initio methods represent an alternative that describes these
effects more accurately and is more robust. From the
perspective of quantum nuclear effects, lithium has a relatively
light nucleus and is not covalently bound to any atoms. The
effective potential created by its solvent shell can be expected to
be more anharmonic than that of a proton in a water molecule,
for example. Calculations of free energy differences upon
isotope substitution and the resulting isotope fractionation
ratios are interesting from the perspective of the above-
mentioned applications, and it is, therefore, important to
investigate the performance of the methodology for this type of
system before attempting extensive condensed-phase simu-
lations. To this end, we microhydrate the lithium cation with its
first solvent shell of four water molecules15,16 and perform an
isotope substitution from 6Li to 7Li.
The rest of the paper is organized as follows. In the Theory

section, we review the calculation of free energy differences
upon isotope substitution by thermodynamic integration via
path integrals. Existing path-integral estimators of the quantum
kinetic energy, which are needed for these calculations, are
introduced and their limitations are discussed. We introduce a
new estimator that combines the advantages of fourth-order
convergence and virial estimators. Finally, we introduce a mass
switching function m(λ) designed for accurate thermodynamic
integration using only a few points. Next, we specify the
computational details of our path-integral simulations. The
Results section shows the data obtained using our methodology
for the two model systems and four molecular systems. The
performance of the methodology is discussed in relation to the
properties of the different systems as well as in the context of
other work on the topic. We conclude by summarizing the
work and suggesting possible future directions.

2. THEORY
We consider an N-particle quantum system with a Hamiltonian
Ĥ = T̂ + V̂ in which we wish to change the masses of n ≤ N of
the particles. We parametrize the mass change from one isotope
to another using a mass switching function mi(λ), λ ∈ [0,1] that
satisfies the boundary conditions mi(0) = mi,0, mi(1) = mi,1.
While arbitrary, in principle, the choice of this function should
be guided by the requirement of optimizing the efficiency of the
calculation, as we discuss below. The Helmholtz free energy of
a system, which is given by

β β= − = − β− − − ̂A Q eln ln Tr[ ]H1 1 (3)

where Q is the partition function, then becomes a function of λ
through the dependence of the kinetic energy T̂ on mass. The
difference of free energies between the two states of interest can
be calculated using thermodynamic integration as

∫ λ
λΔ = − =A A A

A
(1) (0)

d
d

d
0

1

(4)

The derivative of free energy with respect to λ is therefore the
central quantity that needs to be calculated. It can be shown
that it is given by the ensemble average of the kinetic energy
operator T̂i for particle i as

∑
λ λ λ

= − ⟨ ̂⟩
=

A
m

m
T

d
d

1
( )

d
di

N

i

i
i

1 (5)

We derive this expression in the Appendix, together with the
expression for the second derivative. Clearly, atoms whose mass

does not change with λ do not contribute to the free energy
change.
We formulate the calculation of the kinetic energy expect-

ation in terms of a discretized imaginary-time path integral.
Assuming that the particles obey Boltzmann statistics, the
partition function can be written as an integral over N cyclic
paths, each having P coordinates ri

(k), where i = 1, ..., N and k =
1, ..., P indexes the imaginary time values τk = (k − βℏ/P).
These satisfy the path periodicity condition ri

(1) = ri
(P+1). In

terms of these, the partition function can be written as

∫ ∏
πβ

=

=
ℏ

···

β

β

− ̂

=

−
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

Q e

m P
r r

Tr[ ]

2
d d e

H

i

N
i

P

i i
P V r

1
2

3 /2
(1) ( ) ({ })eff

(6)

where {r} is the complete set of 3NP path coordinates and
Veff({r}) is an effective potential. Equation 6 is derived by
writing the Boltzmann operator as

=β β− ̂+ ̂ − ̂+ ̂e [e ]T V T V P P( ) ( )/ (7)

and applying a Trotter expansion to the high-temperature
Boltzmann operator exp[−β(T̂ + V̂)/P]. For example, if a
second-order Trotter expansion

β= +β β β β− ̂+ ̂ − ̂ − ̂ − ̂ ⎜ ⎟
⎛
⎝⎜
⎛
⎝

⎞
⎠

⎞
⎠⎟P

e e e eT V P V P T P V P( )/ /2 / /2
3

(8)

is used, then the second-order effective potential is given by

∑ ∑

∑

ω
= −

+

= =

+

=

V m

P
V

r r r

r

({ })
2

( )

1
( )

P

i

N

k

P

i i
k

i
k

k

P
k

eff
(2)

2

1 1

( ) ( 1) 2

1

( )

(9)

where ωP = √P/(βℏ) and r(k) is the set of 3N coordinates for
the kth imaginary time slice. The ensemble average of an
operator Ô can be calculated from its estimator O({r}) as

∫
∫

β

β
⟨ ̂⟩ =

∏ ∏ −

∏ ∏ −
= =

= =

O
O V

V

r r r

r r

d ({ })exp( ({ }))

d exp( ({ }))
i
N

k
P

i
k

i
N

k
P

i
k(2)

1 1
( )

eff
(2)

1 1
( )

eff
(2)

(10)

Specifically for the kinetic energy, one possible estimator is

∑
β

ω= − −
=

+T
P

mr r r({ } )
3
2

1
2

( )i i
k

P

i P i
k

i
k(prim)

1

2 ( ) ( 1) 2

(11)

which is known as the second-order “primitive” kinetic energy
estimator. This estimator, however, has a variance that grows
with the number of beads,17 which makes convergence of the
average increasingly slow as P increases. This problem can be
circumvented by using the centroid virial estimator instead.17,18

The virial theorem states that, at second order, ⟨Ti
(prim)⟩ =

⟨Ti
(vir)⟩, where

∑
β

= + − · ∂
∂=

T
P

V
r r r

r
({ } )

3
2

1
2

( )i i
k

P

i
k

i
i
k

(vir)

1

( )
c, ( )

(12)

where rc,i is the centroid position of particle i. This estimator
has more favorable numerical properties, as its variance remains
almost constant as P increases.17
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Higher-order expansions of the Boltzmann operator increase
the rate of convergence with respect to the number of path
integral beads P19,20 and were recently employed in Monte
Carlo calculations of isotope effects by Vuchowiecki and
Vanıćěk.21 In the Takahashi−Imada scheme,22,23 the trace of
the Boltzmann operator is factorized according to

β= +β β β− ̂+ ̂ − ̂ − ̂ ⎜ ⎟
⎛
⎝⎜
⎛
⎝

⎞
⎠

⎞
⎠⎟P

Tr[e ] Tr[e e ]T V T P C P P( ) / /
5

(13)

where

β̂ = ̂ + ̂ ̂ ̂C V
P

V T V
24

[[ , [ , ]]
2

2 (14)

Within this scheme, the effective potential becomes

= +V V Vr r r({ }) ({ }) ({ })eff
(4)

eff
(2)

TI (15)

with

∑ ∑
ω

= ∂
∂= =

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟V

P m
V

r
r

r
({ })

1
24

1 ({ })

P i

N

k

P

i i
kTI 2 2

1 1
( )

2

(16)

Because this potential contains the derivative of the physical
potential V with respect to atomic positions, its use for path
integral molecular dynamics, especially with ab initio path
integrals, is impractical. Second derivatives of V with respect to
positions are either expensive to calculate or entirely
unavailable, depending on the method and implementation
used. However, if VTI is a small perturbation to the second-
order effective potential, we can obtain averages at fourth-order
by reweighting configurations from second-order dynamics
using the weights

β
β

=
−

⟨ − ⟩
w

V
V

r
r

r
({ })

exp( ({ }))
exp( ({ }))TI

TI

TI (2) (17)

as

⟨ ̂⟩ = ⟨ ⟩O O r w r({ }) ({ })(4)
(prim)

TI TI (2) (18)

where OTI({r}) is an estimator derived using the fourth-order
effective potential. Applying this scheme to the kinetic energy
estimator, we obtain

∑
β

ω= − −

+
=

+T
P

m

V

r r r

r

({ } )
3
2

1
2

( )

({ } )

i i
k

P

i P i
k

i
k

i i

TI,
(prim)

1

2 ( ) ( 1) 2

TI, (19)

which is again a primitive estimator with the same numerical
issues as its second-order counterpart. Here, VTI,i is the TI
potential for particle i. Because the noise comes from the
harmonic coupling term, we can expect the sampling error to
be highly correlated in the second- and fourth-order estimators.
In principle, the noise could be reduced at fourth-order in
much the same was as it is at second-order by introducing a
fourth-order virial estimator. However, as was shown in
reference 20 such an estimator would require spatial derivatives
of VTI({r}), i.e., second derivatives of the potential V, which, as
noted above, need to be avoided. With this motivation, we
propose a fourth-order virial estimator constructed by trans-
ferring the difference between the second- and fourth-order
primitive estimators to the second-order virial estimator, which
leads to the an expression of the form

= +

−

T T w T

T

r r r r

r

({ }) ({ } ) ({ }) ({ } )

({ } )

i i i i i

i i

TI,
(vir) (vir)

TI TI,
(prim)

(prim)
(20)

which is meant to be averaged over configurations generated at
second-order, leading to the average kinetic energy expression

⟨ ̂⟩ = ⟨ +

− ⟩

T T w T

T

r r r

r

({ } ) ({ }) ({ } )

({ } )

i i i i i

i i

(4)
(vir) (vir)

TI TI,
(prim)

(prim)
(2) (21)

Here, {r}i denotes the full set of imaginary time slices for
particle i. In practice, the result can be obtained by first
calculating the ensemble averages of the quantum kinetic
energy estimators on the right-hand individually and expressing
the fourth-order virial estimator as

⟨ ̂⟩ = ⟨ ̂⟩ + ⟨ ̂⟩ − ⟨ ̂⟩T T T T( )i i i i(4)
(vir)

(2)
(vir)

(4)
(prim)

(2)
(prim)

(22)

The motivation for eq 21 starts with the exact expression for
the true fourth-order TI virial estimator

⟨ ̂⟩ = ⟨ ⟩T T wr r({ } ) ({ })i i i(4)
(vir)

TI,
(vir)

TI (2) (23)

where TTI,i
(vir)({r}i) is given by

∑
β

= + − · ∂
∂

+
∂
∂=

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟T

P
V V

r r r
r r

({ } )
3

2
1

2
( )i i

k

P

i
k

i
i
k

i
kTI,

(vir)

1

( )
c, ( )

TI
( )

(24)

If we now add and subtract ⟨Ti
(vir)({r})⟩(2) in eq 23, we obtain

⟨ ̂⟩ = ⟨ ⟩ + ⟨ ⟩

− ⟨ ⟩

T T T w

T

r r r

r

({ } ) ( ({ } ) ({ })

({ } ) )

i i i i i

i i

(4)
(vir) (vir)

(2) TI,
(vir)

TI (2)

(vir)
(2) (25)

which is an exact result. In order to avoid calculating TTI,i
(vir)({r}),

the ansatz we introduce is that of replacing the virial estimators
in the term in brackets by their primitive counterparts, which is
formally exact and leads to eq 21. The assumption in this ansatz
is that the unfavorable fluctuations associated with primitive
estimators are the same at second and fourth order and will,
therefore, cancel in the subtraction, leading to an estimator that
converges as smoothly as the second-order virial but with
fourth-order accuracy. The quality of this new estimator needs
to be tested, and we compare it to the other estimators in the
Results section.
For an efficient thermodynamic integration, we wish to use as

few λ points as possible. In the ideal case, the mass switching
function m(λ) would be such that the free energy derivative is
constant over the whole range of λ. Such a switch function
could in principle be designed, but that would require the
knowledge of the free energy derivative in some para-
metrization, for example linear.8 An alternative approach is to
use a switching function that is physically motivated and ideally
also applicable to a range of systems. Following a different
formulation from that in ref 8, we construct mi(λ) so that it
performs a linear switch of harmonic oscillator eigenenergies
and satisfies the boundary conditions mi(0) = mi,0, mi(1) = mi,1.
The motivation for the form of the switch is the free energy of a
harmonic oscillator of frequency ω at temperature T

ω
β

= ℏ + − β ω− ℏA
2

1
ln(1 e )

(26)
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The leading order term is ℏω/2, and as ω ∼ 1/√m, a switch
on the quantity 1/√m should be roughly linear and flat for
nearly harmonic systems. Such a switch takes the form

λ λ= − +
m m m

1 1

0 1 (27)

Solving for m, we obtain the following switching function:

λ
λ λ

=
+ −

m
m m

m m
( )

( (1 ) )
0 1

0 1
2

(28)

This switch should work well for very harmonic systems close
to the ground state by construction, but the limits of its utility
should be carefully tested. If the free energy derivative dA/dλ
using this switch is nearly flat, then it should be possible to
perform an accurate thermodynamic integration with just one
λ-point, namely the midpoint. An example of this mass
switching function for boundary values of mass m0 = 1 and
m1 = 2 is shown in Figure 1.

3. COMPUTATIONAL DETAILS
Path-integral molecular dynamics simulations24 of two model
one-dimensional systems and four molecular systems were
performed using an in-house implementation of the method. A
transformation to staging variables,25 together with a Nose−́
Hoover chain thermostat,24,26 attached to each path-integral
degree of freedom was used to ensure efficient sampling of the
canonical ensemble. The r-RESPA multiple time step method27

was used to increase the accuracy of integration of the
equations of motion while keeping the main time step as high
as permitted by the physical interaction. All systems were
simulated at nine different values of λ in the parametrization
given by eq 28.
A harmonic oscillator system of mass m and spring constant

k with a potential of the form

=V x kx( )
1
2

2
(29)

and the value of k = 1 was simulated at the temperature T = 0.1
for masses between m0 = 1 and m1 = 2. A total of 107 steps of
length Δt = 0.05 were performed in each simulation, with 12
RESPA integration steps of the harmonic path integral

interactions within each step of length Δt. A Nose−́Hoover
chain of length three was coupled to each path integral degree
of freedom. Reference values of the free energy derivative were
calculated using the exact analytical formula obtained by
differentiating eq 26 with respect to λ

λ λ λ
ω β ω= − ⟨ ̂⟩ = − ℏ ℏA

m
m

T
m

md
d

1 d
d

1 d
d 4

coth( /2)
(30)

where ω = (k/m)1/2.
A double-well system with a potential of the form

= −V x
D
a

x a( ) ( )0
4

2 2 2

(31)

having parameter values of D0 = 2 and a = 0.5 was simulated at
the temperature T = 1 for masses between m0 = 1 and m1 = 2.
For these parameters, the ground-state energy level for m0 lies
above the barrier while for m1 it lies below the barrier. Hence,
we expect qualitatively different behavior at these two mass
values. A total of 4 × 106 steps of length Δt = 0.01 were
performed in each simulation, with 20 RESPA integration steps
of the harmonic path integral interactions within each step of
length Δt. A Nose−́Hoover chain of length four was coupled to
each path-integral degree of freedom. The number of path-
integral beads P ranged from 4 to 256, increasing by a factor of
2. Reference values of the free energy derivative were obtained
from a numerical solution of the Schrödinger equation in a sine
basis on a finite interval. Convergence with respect to the
number of basis functions was checked. The free energy
derivative was calculated using eq 5, where the kinetic energy
ensemble average was computed as a Boltzmann-weighted
average of the kinetic energies of the eigenstates. Natural units
(kB = 1 and ℏ = 1) are used for the model systems.
Ab inito path-integral simulations28 of the following

molecular systems were performed: a water dimer, a protonated
water dimer (H5O2

+), a deprotonated water dimer (H3O2
−),

and a lithium cation microsolvated with four water molecules.
All systems were simulated at a temperature T = 300 K to
achieve thermal disorder and nuclear quantum effects
comparable in magnitude to the condensed phase at ambient
conditions. As was done in the model systems, staging variables
were used. Each production simulation was 20 ps long
following 1 ps of equilibration. The time step Δt = 0.5 fs was
subdivided into 5 RESPA integration steps of the harmonic
path integral interactions. A Nose−́Hoover chain of length 6
was attached to each path integral degree of freedom. Each
thermostat integration step was further divided into multiple
time steps with 2 RESPA steps and fourth-order Suzuki−
Yoshida integration.29,30 The thermostat time constant was set
to τ = 20 fs for the first path-integral bead and to the value of τ
= 1/ωP for all the other beads for optimal sampling.
Simulations were performed for values of P ranging from 4
to 32, increasing by a factor of 2. For the water dimer systems,
all hydrogen nuclei were changed to deuterium nuclei. For the
lithium system, the lithium cation was changed from the 6Li
isotope to the 7Li isotope.
Interactions needed for path-integral molecular dynamics

were evaluated using the MP2 method31 as implemented in
Gaussian 09 C.0132 and obtained through the interface
provided by the Atomic Simulation Environment.33 Simulations
of the neat, protonated, and deprotonated water dimers were
carried out using both the 6-311++G** and 6-31+G* basis
sets; whereas, simulations of the microhydrated lithium cation
were carried out using the 6-31+G* basis set only.

Figure 1. Plot of the mass switching function given by eq 28 for m0 =
1, m1 = 2. The nine values of λ used for thermodynamic integration in
this work are marked on the axis.
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Comparisons of path integral simulation results for the free
energy difference to reference values were made using the
signed percentage relative error of ΔA defined as

δΔ = Δ
Δ

−
⎛
⎝⎜

⎞
⎠⎟A

A
A

100 1
ref (32)

where ΔAref is a suitable reference value. Note that δΔA can be
either positive or negative. Thermochemical calculations were
performed using Gaussian 09 C.01.32

In all of the studies to be presented, comparison of free
energy derivatives is made between the second-order primitive
estimators and the reweighting of these to obtain the fourth-
order results. Although it would have been possible to use the
full TI estimator for the model systems, we chose not to make
such a comparison as the use of the full TI estimator is
impractical in the ab initio applications studied here. A detailed
error analysis of the different estimators using the technique of
block averaging34 is presented in the Supporting Information
(SI), Figures S8−S11. The error analysis in the SI clearly shows
that, although the error bars on the fourth-order reweighted
estimators are larger at small P than they are for the second-
order estimators, the second-order results at these small P
values lie outside the error bars on the fourth-order estimators
for most of the systems studied.

4. RESULTS
Here we present the free energy derivative dA/dλ as well as the
resulting free energy difference ΔA obtained using one to nine
points for thermodynamic integration and all four estimators
introduced in the Theory section. For the one-dimensional
model systems, these results are also compared to the exact
analytical or accurate numerical values. First, the convergence
of the free energy derivative with respect to the number of path
integral beads P must be investigated. To determine the
number of beads needed for a given calculation, this
convergence should be checked at the mass of the lighter
isotope, as that is where quantum effects are the largest. Then,
for a sufficient value of P, the dependence on λ determines the
number of points needed to calculate the free energy difference
between the two isotopes.
4.1. Model Systems. To investigate the properties of the

proposed methods in detail and to compare to exact reference
data, we simulated two model one-dimensional systems, a
harmonic oscillator and a double well, using settings detailed in
the previous section. We use natural units with kB = 1 and ℏ = 1
for these model systems. The convergence of the free energy
derivative for the harmonic potential of eq 29 calculated using
the four different estimators with respect to the number of path
integral beads P is shown in Figure 2 for λ = 0.0 and 0.5. The
exact result, computed analytically, is shown as the dashed black
line. As expected, the values approach the exact result as P
increases, but there are important differences between the
methods. The behavior is essentially the same at λ = 0.0 and
0.5, with the λ = 0.0 point covering a wider range of values, as
there are stronger quantum effects at lower mass. This confirms
that convergence with P should be checked at the mass of the
lighter isotope. Both the second- and fourth-order primitive
estimators give the correct result, but given the trajectory
length, they have noticeable sampling noise, especially for
higher values of P. The Takahashi−Imada estimator converges
faster, reaching the same value as the primitive estimator at
roughly 2−3 times fewer beads. The virial estimator, on the

other hand, is much better behaved with respect to sampling
noise, due to its more favorable numerical properties. However,
it is a second-order estimator, and it shows the same
convergence behavior as the primitive second-order estimator.
In order, therefore, to combine the advantages of both of these
approacheshigher order estimation and smooth convergence
of the virial estimatorwe transfer the Takahashi−Imada
correction to the virial estimator, eq 22. This result then
converges as fast as the Takahashi−Imada estimator, yet has the
low noise of the virial estimator. From the data for λ = 0.0, we
can say that the value is certainly converged at P = 64.
Therefore, we explore the λ dependence of the free energy
derivative at this value of P.
The result is shown in Figure 3, both in detail and on the full

scale from zero, which is important for the subsequent
thermodynamic integration. Thanks to the mass switching
function used, the values are essentially constant across the
whole range of λ. The detailed view in the inset reveals some
differences between the four estimators, which are, however,
negligible for this system at this value of P. We can see a very
small remaining error of the second-order estimators and the
larger variation of the primitive estimators compared to the
virial ones. This can be compared to the same result with a
linear switching function, shown in the bottom panel of Figure
1 in ref 35, where the free energy derivative changes by a factor
of more than 2.5. It is clear that thermodynamic integration of
the free energy derivative to obtain the free energy difference
between the two isotopes does not need many λ points to
converge. Figure 4 illustrates this point in detail. The error of
the resulting free energy difference is in fact constant with the
number of points, and any remaining deviation from the exact
result is very small (less than 0.5%). Thus, a single point at λ =
0.5 is suf f icient to calculate the full f ree energy dif ference.
Numerical values for the reference and for PIMD with nine
thermodynamic integration points are summarized in Table 1.
These results for the harmonic oscillator system are very
promising, but before the methodology can be deemed useful
in practice, it must be checked that it performs comparably well

Figure 2. Convergence with respect to the number of path integral
beads P of the free energy derivative dA/dλ for the harmonic oscillator
system, calculated using the four different estimators. The main panel
shows data for λ = 0.0, and the inset shows data for λ = 0.5. Second-
order estimators are shown in blue, and fourth-order estimators are
shown in green. Primitive estimators are shown using crosses, and
virial estimators are shown using full circles. Lines are provided to
guide the eye. The exact analytical value (independent of P) is shown
for reference using a black dashed line.

Journal of Chemical Theory and Computation Article

dx.doi.org/10.1021/ct400911m | J. Chem. Theory Comput. 2014, 10, 1440−14531445



for more challenging systems. Importantly, the nearly constant
shift between the second and fourth order primitive estimators
seen in Figure 3 as a function of λ provides insight into the

advantage of the proposed estimator in eq 22. By reweighting
the configurations generated at second-order as an a posteriori
procedure, the nearly constant difference between the second-
and fourth-order primitive estimators approximates the fourth-
order correction to the second virial estimator.
As the mass switching function that we use is motivated by

the dependence of energy eigenvalues of a harmonic oscillator
on mass, it is important to investigate its performance for
strongly anharmonic systems. To do this, we simulated a one-
dimensional double well system with potential energy given by
eq 31. Convergence of the free energy derivate is shown in
Figure 5 and has the same characteristics as in the case of the

harmonic oscillator system above. Even though sampling error
in the primitive estimators is worse than for the harmonic
oscillator system, both virial estimators still perform well and
converge smoothly to the accurate numerical reference value.
The fourth-order virial, for example, gives a value for ΔA of
−0.68469, which compares well to the reference value of
−0.68504. Using 64 beads as the converged value of P, we can
investigate the λ dependence, which is shown in Figure 6.
Although the deviation from a constant value is noticeable in
this case, it is still rather small compared to the magnitude of
the free energy derivative. More importantly, the deviation from
linearity is very small, which suggests that thermodynamic
integration using only a few points should still perform well.
However, the relevant criterion is the resulting value of the free
energy difference. As before, Figure 7 shows the percentage
error of ΔA relative to the reference value. Again, the error is
very small even for a single thermodynamic integration point,
with improved convergence as the number of points is
increased. We can see that the use of a single simulation for
which λ = 0.5 is an excellent approximation even in this
strongly anharmonic system. The reason that even a single λ-
point, here λ = 0.5, can be used is the fact that dA/dλ is
approximately linear and symmetric about this point.
Interestingly, at a particular temperature, specifically T =
0.625, the free energy derivative becomes nonmonotomic. For

Figure 3. Dependence of the free energy derivative dA/dλ on λ in the
parametrization given by eq 28 for the harmonic oscillator system,
calculated using the four different estimators. 64 path integral beads
and 9 evenly spaced λ points are used. The inset shows the details of
the same data. Second-order estimators are shown in blue, and fourth-
order estimators are shown in green. Primitive estimators are shown
using crosses, and virial estimators are shown using full circles. Lines
are provided to guide the eye. The exact analytical value is shown for
reference using a black dashed line.

Figure 4. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the harmonic oscillator system. The exact value is used
as reference. 64 path integral beads are used. Second-order estimators
are shown in blue, and fourth-order estimators are shown in green.
Primitive estimators are shown using crosses, and virial estimators are
shown using full circles. Lines are provided to guide the eye.

Table 1. Free Energy Differences for the Harmonic
Oscillator System Obtained Using the Different Methodsa

method 1-point TI ΔA 9-point TI ΔA exact ΔA

exact −0.14645
primitive 2nd order −0.14580 −0.14584
virial 2nd order −0.14621 −0.14606
primitive Takahashi−Imada −0.14613 −0.14624
virial Takahashi−Imada −0.14654 −0.14646
aThe PIMD data uses 64 beads and 1 or 9 thermodynamic integration
points.

Figure 5. Convergence with respect to the number of path integral
beads P of the free energy derivative dA/dλ for the double well system,
calculated using the four different estimators. Main panel: data for λ =
0.0; Inset: data for λ = 0.5. Second-order estimators are shown in blue,
and fourth-order estimators are shown in green. Primitive estimators
are shown using crosses, and virial estimators are shown using full
circles. Lines are provided to guide the eye. The numerical reference
value (independent of P) is shown using a black dashed line.
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such a system, one might expect that more thermodynamic
integration points are needed. This issue is explored in more
detail in the SI, Figures S1−S3.
4.2. Water Dimer. To move to practical application of the

proposed methodology, we investigate isotopic substitution in
the water dimer and its protonated and deprotonated variants,
namely, the proton transfer complexes H5O2

+ and H3O2
−,

respectively, using ab initio path-integral molecular dynamics.
Note that the H5O2

+ complex is the well-known “Zundel”
cation, while the H3O2

− can be viewed as the negative analog of
a Zundel-like complex. In all three cases, we substitute all
hydrogen nuclei for deuterium nuclei. Recent path integral
molecular dynamics studies of H5O2

+ and its isotopomers

found that the tempearture dependence of structural
fluctuations were greater for D5O2

+ than for H5O2
+.36

Simulations of these systems were performed using interactions
at the MP2 level of theory with both the 6-311++G** and 6-
31+G* basis sets. The results are qualitatively the same, and
quantitatively the free energy differences vary by only about 1%.
In the following, we show results obtained with the larger basis
set only.
The convergence of the free energy derivative at λ = 0.0 with

respect to the number of path integral beads P for the neat
water dimer is shown in Figure 8. While we do not see perfect

saturation in the range of values explored, it is clear that the
fourth order estimators allow the use of substantially fewer
beads. We use the value P = 16 for further analysis, as at fourth
order it differs by less than 1% from the value at P = 32 and is
closer to the converged value than the second-order estimator
at P = 32. Although P = 16 does not fully converge the second-
order estimators, it is still instructive to compare the
convergence with respect to the number of λ points, as the
difference from the corresponding fourth-order values is an
approximately constant offset. We estimated that the second
order estimators would be fully converged around P = 64. We
next focus on the dependence of the free energy derivative on λ
for the neat water dimer, which is shown in Figure 9. We can
see that although it is not entirely constant, it is linear to a very
good approximation. As before, the data based on the second
order virial estimator shows less noise and the transfer of the
fourth order correction to it works well. The free energy
derivatives of the other two systems are analogous but scaled in
magnitude due to the different number of hydrogen nuclei in
these systems. The P convergence data is shown in Figures S4
and S6 of the SI, and the λ dependence data is shown in Figures
S5 and S7 of the SI.
In the case of the H5O2

+ and H3O2
− complexes, there are

two nonequivalent hydrogen nuclei in the systemthe central
one shared by the oxygen atoms and the either two or four
dangling ones. Their contributions to the total free energy
difference are not the same, indicating different nuclear

Figure 6. Dependence of the free energy derivative dA/dλ on λ in the
parametrization given by eq 28 for the double well system, calculated
using the four different estimators. 64 path integral beads and 9 evenly
spaced λ points are used. Inset: detail of the same data. Second-order
estimators are shown in blue, and fourth-order estimators are shown in
green. Primitive estimators are shown using crosses, and virial
estimators are shown using full circles. Lines are provided to guide
the eye. The numerical reference value (independent of P) is shown
using a black dashed line.

Figure 7. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the double-well system. The exact numerical value is
used as reference. 64 path integral beads are used. Second-order
estimators are shown in blue, and fourth-order estimators are shown in
green. Primitive estimators are shown using crosses, and virial
estimators are shown using full circles. Lines are provided to guide
the eye.

Figure 8. Convergence with respect to the number of path integral
beads P of the free energy derivative dA/dλ for the water dimer at λ =
0.0, calculated using the four different estimators. Second-order
estimators are shown in blue, and fourth-order estimators are shown in
green. Primitive estimators are shown using crosses, and virial
estimators are shown using full circles. A typical snapshot from the
simulation at P = 32 is shown for illustration. Lines are provided to
guide the eye.
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quantum effects for these positions. In the case of the H3O2
−

complex, the central proton contributes about 82% of the free
energy contributed by each dangling bond, averaged over the
dangling bonds. In the protonated case, this ratio is about 79%.
To assess the quality of the resulting free energy difference

ΔA, we examine the percent relative error of eq 32, with the
value of ΔA obtained from the virial Takahashi−Imada
estimator using nine thermodynamic integration points as the
reference. This error, as a function of the number of
thermodynamic integration points used, is shown for the
three variants of the system and for the four different estimators
in Figures 10, 11, and 12. In all cases, the error of the virial
Takahashi−Imada estimator is very small, remaining below

0.5% over the whole range. Although the error is often larger at
a lower number of points, this can be attributed to more
sampling noise. The data for second order estimators is offset
by a constant due to the incomplete convergence with respect
to the number of beads P, but the convergence of the
thermodynamic integration is equally fast.
Numerical values of free energy differences obtained using

the fourth-order estimators and nine thermodynamic integra-
tion points for all three water dimer systems are shown in Table
2. For comparison, we have also performed thermochemical
calculations for these systems based on frequency analysis in
the global minimum of the potential energy hypersurface. As
the numbers in Table 2 show, this approach overestimates the

Figure 9. Dependence of the free energy derivative dA/dλ on λ in the
parametrization given by eq 28 for the water dimer, calculated using
the four different estimators. Sixteen path integral beads and 9 evenly
spaced λ points are used. Inset: detail of the same data. Second-order
estimators are shown in blue, and fourth-order estimators are shown in
green. Primitive estimators are shown using crosses, and virial
estimators are shown using full circles. Lines are provided to guide
the eye.

Figure 10. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the water dimer. The value calculated using the
Takahashi−Imada virial estimator and nine thermodynamic integra-
tion points is used as reference. Sixteen path-integral beads are used.
Second-order estimators are shown in blue, and fourth-order
estimators are shown in green. Primitive estimators are shown using
crosses, and virial estimators are shown using full circles. Lines are
provided to guide the eye.

Figure 11. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the protonated water dimer. The value calculated using
the Takahashi−Imada virial estimator and nine thermodynamic
integration points is used as reference. Sixteen path integral beads
are used. Second-order estimators are shown in blue, and fourth-order
estimators are shown in green. Primitive estimators are shown using
crosses, and virial estimators are shown using full circles. Lines are
provided to guide the eye.

Figure 12. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the deprotonated water dimer. The value calculated
using the Takahashi−Imada virial estimator and nine thermodynamic
integration points is used as reference. Sixteen path integral beads are
used. Second-order estimators are shown in blue, and fourth-order
estimators are shown in green. Primitive estimators are shown using
crosses, and virial estimators are shown using full circles. Lines are
provided to guide the eye.
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magnitude of the free energy difference by about 3%. Although
this is a relatively good result given the lower computational
cost, we note that it should not be relied on in general. Even for
these small systems, there are low-frequency modes which the
method cannot describe reliably. For larger or condensed-phase
systems, such a calculation would be entirely impossible.
4.3. Microhydrated Lithium Cation. The last system

chosen to test the methodology is a molecular cluster that is
interesting from an applications point of view and which is also
computationally more challenging. We microsolvated a lithium
cation with its first hydration shell of four water molecules and
calculated the free energy difference upon the substitution of
6Li for 7Li. While this approach does not include the hydration
effects of an extended environment, it does describe the strong
local interactions with high accuracy. The atom undergoing
isotope exchange does not participate in any covalent bonds
but, rather, moves in an effective strongly anharmonic potential
created by the hydrating water molecules. Because the smaller
basis set proved sufficient for the water dimer systems and the
lithium cation is electronically very hard, we chose to conduct
the simulations of this system with interactions at the MP2/6-
31+G* level only. Convergence of the free energy derivative
with respect to the number of path integral beads P is shown in
Figure 13. The change with increasing P is substantially smaller
compared to the water dimer case, suggesting a smaller

magnitude of nuclear quantum effects. We chose P = 16 as the
number of beads for calculations at multiple values of λ. Figure
14 shows the λ dependence of the free energy derivative. As in

the example of the water dimer, the derivative for this system is
also linear with respect to λ and remains much closer to a
constant over the full λ range. With the current trajectory
lengths, there is also considerable noise, especially in the
primitive estimators, and the difference between the second-
and fourth-order primitive estimator is not as smooth as the
second-order virial estimator. Looking at the error of the free
energy difference obtained by thermodynamic integration of an
increasing number of points in Figure 15, we can see that both

Table 2. Free Energy Differences for the Three Water Dimer
Variants Obtained Using Thermochemistry and the Fourth-
Order Estimators, Sixteen Path-Integral Beads, and One or
Nine Thermodynamic Integration Points

ΔA [kcal/mol]

method (H2O)2 H5O2
+ H3O2

−

thermochemistry −8.894 −10.547 −5.882
primitive Takahashi−Imada, 1-point TI −8.546 −10.414 −5.568
primitive Takahashi−Imada, 9-point TI −8.537 −10.401 −5.620
virial Takahashi−Imada, 1-point TI −8.565 −10.290 −5.694
virial Takahashi−Imada, 9-point TI −8.568 −10.347 −5.686

Figure 13. Convergence with respect to the number of path integral
beads P of the free energy derivative dA/dλ for the microhydrated
lithium cation at λ = 0.0, calculated using the four different estimators.
Second-order estimators are shown in blue, and fourth-order
estimators are shown in green. Primitive estimators are shown using
crosses, and virial estimators are shown using full circles. A typical
snapshot from the simulation at P = 32 is shown for illustration. Lines
are provided to guide the eye.

Figure 14. Dependence of the free energy derivative dA/dλ on λ in the
parametrization given by eq 28 for the microhydrated lithium cation,
calculated using the four different estimators. Sixteen path integral
beads and nine evenly spaced λ points are used. Inset: detail of the
same data. Second-order estimators are shown in blue, and fourth-
order estimators are shown in green. Primitive estimators are shown
using crosses, and virial estimators are shown using full circles. Lines
are provided to guide the eye.

Figure 15. Dependence of the free energy difference percentage error
δΔA (eq 32) on the number of points used in thermodynamic
integration for the microhydrated lithium cation. The value calculated
using the virial estimator and nine thermodynamic integration points is
used as reference. Sixteen path integral beads are used. Second-order
estimators are shown in blue, and fourth-order estimators are shown in
green. Primitive estimators are shown using crosses, and virial
estimators are shown using full circles. Lines are provided to guide
the eye.

Journal of Chemical Theory and Computation Article

dx.doi.org/10.1021/ct400911m | J. Chem. Theory Comput. 2014, 10, 1440−14531449



virial estimators are converged to within 1% using the midpoint
only, with no obvious convergence as the number of
thermodynamic integration points is increased. Numerical
values of the free energy difference for the exchange of 6Li
for 7Li using the virial second- and fourth-order estimators
computed from a nine-point thermodynamic integration are
−0.181 and −0.182 kcal/mol, respectively, at this level of
theory. At the same level of theory, the thermochemical result is
−0.188 kcal/mol. It should be noted, however, that the
agreement is likely fortuitous, as the harmonic approximation is
known to be unreliable for weakly bound systems with many
soft modes.
4.4. Discussion. The results generally show the advantage

of the primitive Takahashi−Imada estimator of the quantum
kinetic energy when compared to the usual second order
estimator. On the other hand, it is also clear that this fourth-
order estimator suffers from the same numerical problem as the
second-order estimatorthey are both primitive estimators
containing the highly fluctuating harmonic interaction energy of
the path integral ring polymer. In principle, this problem can be
overcome by increasing trajectory length until the error of these
estimators becomes acceptable. In practice, however, this can
easily become prohibitively expensive, especially in the case of
AIPIMD. Taking the difference between the averages of the
second- and fourth-order estimator over the same ensemble
produces a fourth-order correction to kinetic energy. As
expected, our data shows that this correction does not suffer
from the large fluctuations of the primitive estimators, as they
cancel out to a large degree. The second-order virial estimator
converges much faster than the primitive estimators with
increased sampling and shows little noise in the above
simulation results. To combine the advantage of fourth-order
convergence with the number of path integral beads and the
stability of the virial estimator, we add the fourth-order
correction to the kinetic energy calculated using the virial
estimator. The resulting estimator shows reasonable behavior
with our data. This approach could in principle be used for
estimators of other quantities as well, although we have not
explored that in this work. Our primitive estimator data for
both model systems are noticeably influenced by noise,
especially in the case of the double well system. Although we
could run these inexpensive calculations long enough to beat
the fluctuations, we chose to show the data as presented in
order to illustrate the difference between the two types of
estimators. Using the coordinate scaling technique of
Yamamoto,37 a fourth-order virial estimator for the quantum
kinetic energy could possibly be constructed. This method,
however, uses a finite difference calculation and thus requires
another evaluation of physical interactions for each contribu-
tion to ensemble averages. This represents substantial
computational cost for ab initio calculations. Given the
existence of an alternative in form of the above fourth-order
correction, we have not pursued this further.
The λ dependence of the free energy derivative exhibits

excellent behavior under thermodynamic integration using only
a few points for all the systems studied here. In fact, in most
practical applications, a single point at λ = 0.5 is sufficient to
calculate the free energy difference between the two isotopes.
Even in the rather specific case of a microsolvated lithium
cation, with no covalent bonds and a strongly anharmonic
effective potential, the midpoint serves as an excellent estimate
of the full free energy difference.

The error caused by the use of the midpoint only as opposed
to the use of nine points for thermodynamic integration is
comparable to several other sources of error that are necessarily
present. The difference between the results obtained using the
two basis sets tested for the water dimer is about 1%. In general,
with any electronic structure method or empirical force field the
approximations or the difference between several methods will
introduce an error in the final free energy difference ΔA. For
the water dimer systems, although we have used P = 16 for our
calculations, the convergence tests show that even with fourth-
order estimators, there remains a small difference between the
free energy derivative at P = 16 and P = 32 of about 1%. This
will translate to a comparable error in ΔA almost directly, due
to the thermodynamic integration scheme and the similar P
convergence behavior at different values of λ. Sampling error
will depend very much on the specific application but could
easily dominate, particularly for AIPIMD. Given all these
contributions, the small error introduced by the approximate
thermodynamic integration using only the midpoint is entirely
acceptable.
Although the switch function was motivated by harmonic

systems, it works even in anharmonic cases. This can be
understood by looking at the plots of the free energy derivative
as a function of λ. Even if it does deviate from a constant, it is
really the deviation from linearity that determines the error as a
function of the number of thermodynamic integration points.
Note that due to the curvature of the free energy derivative, the
error when using the two end points can be larger than the
error using the midpoint only, as is observed for the double-
well model system.
The second derivative of free energy with respect to λ,

derived in the Appendix, could in principle be used in a
thermodynamic integration scheme. This would, however,
require an efficient estimator of ⟨T̂2⟩, preferably one that
converges as well as our virial Takahashi−Imada estimator for
⟨T̂⟩. Because our approach based on the first derivative already
works rather well, it could happen that a poorly converged ⟨T̂2⟩
− ⟨T̂⟩2 (either with respect to P or in terms of sampling) could
in fact degrade the result. As fluctuations are known to be more
demanding in terms of the amount of sampling required, we
have not attempted to make use of the second derivative in the
present study.
Peŕez and von Lilienfeld35 performed calculations using a

linear mass switching function for both the harmonic oscillator
(their Figure 1, bottom panel) and the protonated water dimer,
using density functional theory, second-order estimators, and
five thermodynamic integration points (their Figure 3). In both
cases, the free energy derivative changes by at least a factor of 2
between the two isotopes. A comparison of these results to our
results in Figures 3 and S2, where the value changes very little
over the whole range, illustrates the importance of the choice of
the mass switching function.
Ceriotti and Markland8 proposed, among others, two

different estimators for the quantum kinetic energy based on
free energy perturbationa thermodynamic reweighting one
(TD-FEP) and one based on the coordinate scaling approach
of Yamamoto37 (SC-FEP). Although SC-FEP has more
favorable numerical properties, as discussed above, it requires
an additional evaluation of physical interactions, increasing
substantially the cost of ab initio simulations. On the other
hand, free energy perturbation calculations are very efficient in
situations where many different equivalent atoms can
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contribute, which is the case for hydrogen/deuterium
fractionation and liquid water, for example.

5. CONCLUSIONS
In this paper, we propose a combination of methods that allows
efficient calculation of free energy differences upon isotope
substitution using path integral molecular dynamics. In order to
decrease the number of path integral beads, we use the
Takahashi−Imada fourth-order estimator of the quantum
kinetic energy. We avoid the problem of sampling noise in
this estimator by extracting a correction from the second- and
fourth-order estimators and adding it to the numerically more
favorable second-order virial estimator. This new estimator is
especially suitable for ab initio calculations, as it requires neither
additional evaluations of interactions nor second derivatives of
the interaction potential. We recognize that the reweighting
used in the fourth-order scheme could become inefficient for
large systems as suggested by Ceriotti et al.41 The limit at which
this occurs, however, merits further investigation.
In order to improve the efficiency of the calculations even

further, we employ a thermodynamic integration scheme based
on a mass switching function motivated by the behavior of
purely harmonic systems (see eq 28). The combination of the
new switching function and fourth-order free energy derivative
estimators was applied to the toy examples of the harmonic
oscillator and the double well potential and to model
protonated (H5O2

+), neutral (H4O2), and deprotonated
(H3O2

−) water dimer systems as well as the microsolvated
lithium cation. This switch is shown to perform well for atoms
in covalent bonds, which are present in the water dimer
problems, and allows the calculation of the full free energy
difference using a single simulation at λ = 0.5. Even in the
special case of a light atom with no covalent bonds, which
occurs in the microsolvated lithium cation example, a single-
point thermodynamic integration approach with the switch in
eq 28 provides a practically converged result.
Going forward, several additional enhancements of the

methodology will be investigated. First, the single-point
thermodynamic integration approach could be combined with
free energy perturbation calculations from the midpoint to the
end points. It should be possible to design an optimal
formulation of such an approach that could both reduce errors
and improve the efficiency of the calculations, particularly in
condensed-phase systems. Second, the possibility of devising
fourth-order virial estimators for observables other than the free
energy derivative based on the idea presented in eq 21 will be
explored. Given the improvements seen here in the
convergence properties of such estimators, this would
constitute an important advance in path integral methodology.

■ APPENDIX: FREE ENERGY DERIVATIVES

In this appendix, we derive expressions for the first and second
λ derivatives of the free energy from the path-integral
expression. For simplicity, consider the partition function for
a single particle
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where Veff({r}) is the effective potential corresponding to a
particlar approximation to the high-temperature imaginary-time
propagator. The free energy profile in λ is
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Taking the first derivative of Q(λ), we obtain
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while the second derivative yields
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Substituting eqs A.4 and A.5 into eq A.3 and simplifying, we
obtain the following expression for the second derivative in
terms of a particular Veff :
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Now consider the second-order effective potential in eq 9:
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From this potential, we have

∑
λ

λ
λ

λ ω

λ
λ β

∂
∂

= ′ −

= ′ −

=
+

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

V m
m

m

m
m

P
T

r r
( )
( )

1
2

( ) ( )

( )
( )

3
2

P
k

P

k k
eff
(2)

2

1
1

2

(prim)

∑
λ

λ
λ

λ ω

λ
λ β

∂
∂

= ″ −

= ″ −

=
+

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

V m
m

m

m
m

P
T

r r
( )

( )
1
2

( ) ( )

( )
( )

3
2

P
k

P

k k

2
eff
(2)

2
2

1
1

2

(prim)

(A.8)

Substituting this into eq A.6 and simplifying, we obtain
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Equation A.9 shows that computing the second derivative of
the free energy with respect to λ requires computing the kinetic
energy fluctuations, which are slow to converge due to
statistical noise. The presence of −3P/(2β2) in the first term
is expected, since the fluctuations are those of the primitive
kinetic energy estimator, which, as was shown by Herman et
al.,17 grow linearly with P. This estimator could be converted
into a virial form following a procedure similar to that
employed by Glaeserman and Fried in their derivation of a
heat-capacity estimator;38 however, such an estimator would
involve the Hessian, which is problematic, particularly for ab
initio path-integral calculations. Note that an expression for the
second derivative of the free energy with respect to λ was
presented in ref 35; however, it appears as if the authors missed
the term involving these kinetic energy fluctuations. Given the
dependence of this derivative on these fluctuations, it is not
clear if constructing the free energy profile using second-
derivative data will improve the accuracy of the overall result,
and this is something that merits further investigation. Finally, it
is straightforward, if tedious, to extend eq A.9 for mass changes
of multiple particles. The resulting expression for d2A/dλ2 will
involve fluctuations in appropriate sums of primitive kinetic
energy estimators together with their corresponding mass
derivative factors, and the same slow convergence issues will
apply.
Next, consider the fourth-order effective potential
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The λ derivatives of this potential are
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Substituting this result into eq A.6 yields the result
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In these expressions TTI
(prim) is the fourth-order primitive kinetic

energy estimator in eq 19.
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