ON THE BETTI NUMBERS OF NODAL SETS OF THE ELLIPTIC
EQUATIONS

FANGHUA LIN AND DAN LIU

ABSTRACT. In this paper we study the topological properties of the nodal sets, N'(u) =
{z : u(z) = 0}, of solutions, u, of second order elliptic equations. We show that the total
Betti number of a nodal set can be controlled by the coefficients and certain numbers of

their derivatives of equations as well as the vanishing order of the corresponding solution.

1. INTRODUCTION

The main object of this paper is to study the topological complexity of the nodal sets
of solutions to general elliptic equations. We will in particular study the Betti numbers of

nodal (or general level sets when the zeroth order of equations vanish) sets.

The geometric structure and measure of the nodal sets of real-valued solutions to
the linear elliptic equations have been studied by many authors, see the work of Oleinik-
Petrovskii [24], Cheng ([5]), Donnelly-Fefferman ([7], [8]), Garofalo-Lin ([11]), Han ([13]),
Han-Hardt-Lin ([14]), Hardt-Simon ([15]), Lin([17], [18]) and more recent ones, see for
examples, Cheeger et al ([4]), Colding-Minicozzi ([6]), Hamid-Sogge ([12]), Sogge-Zelditch
([26]). There are also some results for the nodal sets of complex-valued or vector-valued
solutions, see for instance the work of Berger-Rubinstein ([3]), Elliott-Matano-Tang ([9]),

C. Bér ([1]), Helffer-Hoffmann-Hoffmann-Owen ([16]) and X.B. Pan (]23]).
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The above works were focused mainly on the following issues: the Hausdorff dimension
and the Hausdorff measure estimates and the local smooth structure of nodal and critical
point sets. For the topological complexity of the nodal sets, say the Betti numbers, there
were only a few results known to authors, Y.Yomdin (]28], [29],[30]). There were, however,
well-known works concerning polynomials done by R. Thom [27] and J. Milnor [21]. In
[21], an upper bound for the sum of the Betti numbers of a real algebraic variety was

proved by using the Morse theory.

Lemma 1.1. ([21]) Let f(z) be a degree N polynomial of © € R™, then

the total Betti number of f~1(0) < ¢(n)N™.

This result shows that the total Betti number can be bounded by a constant depending
on the degree of the polynomial and the number of unknowns. From earlier analysis for
nodal and critical point sets of solutions of elliptic equations, one tends to believe that
the analogy may be also valid for bounds on Betti numbers. Indeed, solutions of elliptic
equations possess properties similar to that of analytic functions. Naturally, the first step
one needs to do would be to control the so-called ” generalized degrees” of solutions. This
generalized degree has a natural substitute, the Almgren’s frequency, which has already
been applied in the study of the quantitative unique continuation property of solutions,
see for example, [11]. The next important step would be to get a more quantified version of
Morse Theory that J.Milnor had used in the above lemma. Very much like a quantitative
version of Stability Lemma in Han-Hardt-Lin [14] which played a critical role in obtaining
the geometric measure estimates for critical sets of solutions, the compactness of solutions
of second order elliptic equations with an uniformly bounded vanishing order would be

crucial. In order for a suitable perturbation argument to work which is necessary for
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understanding solutions of elliptic equations which are in general non-analytic, one also
requires coefficients of equations to be uniformly elliptic and to be of certain fixed number

of orders of smoothness.

Let us first introduce some notations. Throughout this paper, we consider the general
elliptic equation,
n n
> aij(@)Diju(x) + > bi(x)Diu(z) + c(z)u(z) =0 in B1(0) C R”, (1.1)
ij=1 i=1
where the coefficients satisfy the following assumptions:
3
AEP <) ai(@)&é < AP, VE € R?, 2 € By(0), (1.2)
ij=1
and for a suitably large M
n n
> llasjlleanasyoy + O Ibillcara s, o)) + llellorra (s, o) < K- (1.3)
ij=1 i=1

where A\, A and K are positive constants.

The following theorem is the main result of the paper:

Theorem 1.2. Let u be the solution of problem (1.1), and the coefficients a;j, b; and
¢ satisfy the conditions (1.2) and (1.3). Here M may chosen to be 2(2Ny)™. Then for

B1(0),

1
2

the total Betti numbers of N'(u) N B1(0) < C(n, K, A\, A, Ny).

1
2

where the constant Ny is the upper bound of the vanishing order of u at any point of B% (0).

In Section 3 below, we will give the precise definition of the vanishing order and the

existence of an uniformly upper bound for Ny.
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This paper is organized as follows. In Section 2, we prove some stability results,
which play a crucial role in the proof of Theorem 1.2. In Section 3, after recalling the
definition of the vanishing order of u, we give a natural definition of the Betti numbers
of M(u)N B%(O). As the nodal sets may not be in general a smooth hypersurface, the
notation of its Betti numbers have to be defined properly. We end with this section the

proof of the main theorem.

Achownkegements : Much of the work was carried out while the second author was
visiting the Courant Institute during the academic year 2010 — 2011. She would like
to thank the Courant Institute of Mathematical Sciences of the New York University
for sponsoring this visit and for provide a great academic atmosphere and facilities. The
research of the first author is partial supported by the NSF grant, DMS-1065964 and DMS-
1159313. The research of the second author is supported by the national Postdoctoral
Science Foundation of China and the Shanghai Postdoctoral Science Foundation under

the Grant numbers 2013M530186 and 13R2142500.

2. STABILITY RESULTS

In this section we prove some stability results, which will be used in the proof of
Theorem 1.2. First, we prove a general statement 2.1 which is somewhat standard in the
study of stability of singularities in the algebra geometry. Given some smooth map g,
the stability result holds for any smooth map sufficiently close to g with the closeness
measured by several constants all depending on g. If we take the map g as a polynomial
map in a suitable family that comes naturally from the Taylor expansions of solutions

to a wide class of elliptic equations with an uniform bound on the vanishing orders, we
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get a stronger stability statement in Lemma 2.3. Roughly speaking, given Ny, for all (L-
harmonic) polynomial maps g with degrees less than 2Ny and with the Almgren frequencies
of g bounded by Ny, then the constants can be chosen to depend only on Ny and the

dimension such that the conclusion of the stability lemma holds.
We start with the following lemma:

Lemma 2.1. Let G(x) = (g1(x), -+ , gn(x)) be a smooth map defined from B1(0) C R™ to

R™. Assume that the extended map G(zx) from the unit ball in C™ to C™ is holomorphic.
If

H{G1(0) N B1(0)} = m < oo,

then there exist positive constants 6., My, v« and Cy all depending on the function G(z),

such that for any F(x) = (f1(z),---, fa(z)) € CM=(B1(0)) with
| F = Glloms (B, 0)) < O,

we have
HO{F~1(0)N B,.(0)} < C.
with multiplicity.

Proof. The proof is given in [14, Theorem 4.1]. For the sake of the completeness, we sketch

it here. Assume that the nodal set of G = (g1, g2, - , gn) contains m points, letting

N(G) =H{GH0) N B1(0)} = {0,21, -+ ,Zm_1}.

Step 1. For 0 € N(G), one can show that there is an integer N]Q and a holomorphic

function a%(:v) such that,

N9 - .
z;? = Zagj(a:)gi(x), for each j =1,2,--- ,n,
i=1
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where v € R".
Letting Ag = nmax{NY, N9 ... ' NO}, then any monomial in x1,---,z, of degree
> Ag belongs to the ideal (G) near 0. Therefore, we can choose an integer 1o such that

dimg P* /(G) < po,

where the set P#0(R™) denotes the collection of all polymomials in R of degree .

Following the arguments in the proof of Theorem 4.1 ([14]), we obtain that there exist

neighborhoods Up, V) and Qg of the origin with V; C Uy and G(Vp) C Qo such that for

any a € C?#0(Up) there exist af, a9, -, a2 € C1(Qo) such that
Ho
a(z) = ei(x)a(g(z)), for z € Vj. (2.1)
i=1

Moreover, there exists a §g > 0, such that for any F' € C?*0(Uy) with |1 F' =Gl o200 (1) < o0

the identity (2.1) still holds with G replaced by F.
As in ([14]), there exists ro > 0, such that F' has pg zeros at most in By, (0).

Step 2. For each z;, € N(G), we repeat the step 1 to get corresponding pg, Uk, Vi, Qp,

dx and ry, such that for F' with [|[F — G||c2u g,y < Ok, F has piy; zeros at most in By, ().

Therefore, by taking

m—1 m—1
5* :mln{50, 7577’1—1}7 M* :22Mk7 C* = Z/’”’u‘?
k=0 k=0

and choosing 7, such that

m—1 m—1
B,,(0) C | Bri(z) € | Vi,
k=0 k=0

we have,

HO{F~1(0)N B,.(0)} < C..
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for F(x) € CM+<(B1(0)) with |F — G| (B.1(0)) < 0. To end our proof, we remark that

the constants M, 0., r« and C, all depend on G(z). O

Remark 1. In general, the constant M, may be very large, which means the function
F(x) must have sufficiently higher orders of derivatives. It is the reason why we need the
assumption (1.3) to make sure solutions of such equations would be also sufficiently smooth
for the conclusion of Theorem 1.2 to be valid. On the other hand, if G is a polynomial of
degree at most N, then from the above proof of ([14]), M, may be chosen to be not bigger

than 2N™.
Remark 2. Let us introduce the set
Gn, = {g(z) : B1(0) — R, a polynomial in B1(0) C R"™, with degree < 2Ny, |lg|lz2 = 1,
/ |Vg|?dz < Np}.
B1(0)

Then Gn, is a compact set in the polynomial space of CM- | see for example, [14].

For given numbers € and 0 in [0,1] we also define the set
Frvo={f: =g+ 2" = 6% geGn}-
Then Fy, is also compact.

Corollary 2.2. For a given fy € Fn,, there exist positive constants My, ro, oo and
Co, such that if f € CMFY(B(0)) with ||f — follomerr < o, and the hypersurfaces
{z: f(z) =0} and {x : fo(x) = 0} are both regular, then

H{F~1(0) N B,,(0)} < Cy,

where F is a vector feild defined by F(x) = (%, e ,%,f), for a suitable choice of

rectangular coordinate system (x1, T2, - ,xy) of R™.
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Proof. First, Let us use the following notations for the two hypersurfaces:
le{xeBl(O):fo(x):()}, WQZ{%‘GBl(O):f(aJ):O}.

We use 717 and 7o to denote the Gaussian maps of Wy and W5. Sard’s theorem ensures
that the sets

{71 : Vii; =0} and {riy: Vil = 0}
both have measure zero in S*~1.

Up to some coordinate rotation, we may choose directions (0,---,0,1) € R™, such
that 71(q) = (0,---,0,1), and (0,---,0,1) are neither the critical values of 7i; nor the

critical values of 7is.

Therefore, the height function (z1,---,2,) — x, of the hypersurfaces W; and Ws
has no degenerate critical points. And the critical points of the height function on W; and

Wy can be characterized as the solutions of the equations

o . _0fo
E)xl’ ’ axn_l’

Fo(af) = ( f()) = O, F(x) =0.

Since fj is a polynomail of degree < 2Ny, we can apply the result of [21] to obtain
that

HO{F; 1 (0) N B1(0)} = mp < .

For any f € CMot1(B;(0)), we have ||F — Follemom, (o)) < do- Applying Lemma 2.1

to the maps F' and Fp, there exist positive constants ro and Cy depending on fp, such that

HO{F~1(0) N B,,(0)} < C.

The next Stability Lemma is the key to our proof of the main theorem.
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Lemma 2.3. There exist positive constants dg, My, ro and Cy only depending on Ny,
such that if f € CMotL(By(0)), and if the hypersurface {x : f(x) = 0} is regular with
lf — g||CMo+1(Bl(O)) < 6o and g € Fn,, satisfying that {x : g = 0} is also a regular

hypersurface, then we have
HY {F~1(0)N B,,(0)} < Co,

where the map F(x) = ((%fl, e ,%, f), for a suitable choice of rectangular coordinate

system (1,22, -+ ,xn) of R™.

Proof. From Corollary 2.2, we can see that for each g € FJ,, there exist positive constants

dg, My, rg and Cy, such that if |lg — f||carg+1 (5, ) < dg, then

HO{F~1(0) N B,,(0)} < C,.

Let us remark that the constants M, and C, for any g can be chosen uniformly

depending only on Ny, say 2(2Ny)™.

Therefore, {O(g, %") : g € Fny}, form an open cover of Fy,. By the compactness of

FN,, there exists a finite cover, denoted by

Let us denote the representatives by R = {g1, -, gr}, and we take

1
50 = imin{él,w- 7514}7 To :min{rl,--' ,Tk}.

We claim that the constants dy and rg only depend on Ny. In other words, for any g € F,,

the stability results holds for §y and rg.
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In fact, for any given g € Fp,, by the above covering of Fu,, there exists some
gs € Rz, such that ||gs—g||omo+1 < %S. If f € CMo+1(B(0)) with 1 f=9gllero+1 (3, 0)) < dos

then

ds

0s O
If - gs”CMo-v-l(Bl(O)) < o + ) < 5 + 5 = Js.

Applying Corollary 2.2 to g5, we get
HO{F~1(0)NB,,(0)} c H*{F~1(0) N B,,(0)} < C.

Hence the stability result works uniformly for the fixed constants dy and r, which only

depend on Nj.

Therefore, if f € CMo+1(B;(0)) with || f — 9llemoti (g, (o)) < do for some g € Fiy,, we

may conclude that

8.21?1 ’ ’ 8xn_1 ’

H {(‘” B ) mBm} <

which completes the proof. O

3. ESTIMATES ON THE TOTAL BETTI NUMBERS

We can now give an upper estimate of the total Betti numbers of a nodal set. To

begin with, let us recall the definition of vanishing order of w.

Assume that v € W12(B1(0)) is a solution of (1.1) in B1(0) C R™. To define the
vanishing order of the weak solution u, we only need the following weaker assumptions on

the coefficients than (1.2) and (1.3):

aij(z)&& < NEP, VEER?, z € By(0),

.Mw

1

]

n n
> laigl + Y Ibil + el < 5, ¥ @€ Bi(0), (3.1)
2,7=1 =1
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n
> Jaij(x) — aij(y)] < Lz —yl, ¥ =,y € Bi(0),
i,j=1

for some positive constants A, k and L.

In [11], the authors define,

9B (p)

zmwzémww%%w
r P

where the positive function p is constructed in [11].

Letting

rD(p,r)

N(p,r) = Wu

a monotonicity property for N (p,r) with respect to r is proved in [11]: there exist positive
constants rg = ro(n, \, k, L) and § = 6(n, \, k, L) such that the function N (p,r)exp(6r) is

monotone nondecreasing in (0, 7).

Therefore, one can define at each point p € By 0) the quantity,
2
Ou(p) == ll_% N(p,r).

We shall call it the vanishing order of u at point p. The following lemma says that the
vanishing order of w in B (0) is uniformly bounded. For details see [17]. In our paper, we
2

denote the uniformly upper bound by the constant Njp.

Lemma 3.1 ([17]). Set
B fBl(O) | Du|?dx

B faBl(o) u?dz

Then the vanishing order of u at any point of By 5(0) is never exceeded by C(n, A, k, L)N.
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The following lemma comes from [13] and [14]. It yields a decomposition result and

Schauder estimates of the error term.

Lemma 3.2 ([13], [14]). Suppose that u is the solution to the equation (1.1). Under the

assumption (3.1), for any y € B1/2(0), the solution u has the following decomposition:

u(z) = Pa(z —y) + ¢(x), =z € Biu(y), (3.2)

where the nonzero polynomial Py(x —vy) is homogeneous of degree d = d(y) < Ny satisfying

n

> aij(y) Dy Py =0, (3.3)
ij=1
and
|Pa(z —y)| < Cle —y|?,  x € Byu(y). (3.4)

Moreover ¢ satisfies the following estimate: for some o € (0,1),
[6(x)] < Clz —y|™, x € Byya(y). (3.5)

The constant C depends on n, No, \, &, L.

Furthermore, if we assume that the assumptions (1.2) and (1.3) hold, by using the

interior Schauder estimates one can get,

’Dl(b(x')’ < é’%’ — y’d7i+a7 for 7 = 1’ . 7d,
(3.6)
|Dig(x)| < C, fori=d+1,--- ,M+1,

for all x € Bys(y). The positive constant C depends on n, No, \,\, K.

Next, let us use the definition of the total Betti number of N'(u) N By /5(0) in [21]:

Definition 3.1. The total Betti numbers of N (u) N By 5(0) is defined to be
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the imsup . g)_ o+ o+) of the total Betti numbers of Nic,py(u) N By 5(0),

where Nz gy(u) N By2(0) = {z € R" : u? 4 2|z|* = %}

Before we prove Theorem 1.2, let us also recall the weak Morse inequalities (see [22]).

Lemma 3.3 ([22]). (Weak Morse Inequalities) Let by be the k-th Betti number of a
compact manifold M and ¢ denote the set of the critical points of index k of a Morse

function on M, then

by, < #cx, for all k € [0,dimM],

and
dimM dimM
(Do = > (—1)Fb = x(M).
k=0 k=0

By the above lemma, it is therefore sufficient for us to do the following two things.
One is to construct suitable Morse functions. The other is to get a suitable estimate of

the numbers of critical points of such Morse functions.

The following lemma comes from [21]. It gives an estimate on the number of zeros of

polynomial equations.

Lemma 3.4 ([21]). Let Vi C R™ be a zero-dimensional variety defined by polynomial
equations f1 = 0,---, fin = 0. Suppose that the gradient vectors dfy,--- , dfy, are linearly

independent at each point of Vo. Then the number of points in Vy is at most equal to the

product (degf1)(degfa) - - - (degfm)-

Now we can proceed with the proof of Theorem 1.2: Taking any fixed point yg €

N (u) N By/2(0), there exists a nonzero homogeneous polynomial Py of degree 0 < d < Ny
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such that
U(%) = Pd(x - yO) + ¢($)7 UAS Bl/4(y0)’ (37)
where Py and ¢ satisfy the properties (3.3)-(3.6).

From (3.7), we have the decomposition of u?,

u?(z) = Paglz — yo) + ¢(x), (3.8)

where ¢(z) = 2P4(x — yo)d(x) + ¢*(x) and Pyg(x — yo) = P3(z — yo). Then Pyy(z — yo)
is a nonzero homogenous polynomial of degree 2d. Note however, the equation (3.3) may
not be satisfied by u?, but it does not effect the compactness of set formed by those

P2N0 (l‘ — yo)’s.

Given two positive numbers ¢ and #, let us introduce some notations first:

Kyo(e,0) = {z € R" 1 u® + 2|z — yo|* < 67},
Wy (e,0) = {z € R" : Pyy(z — yo) + 2|z — yo|* < 6%},
OKy(e,0) = {z e R": u? + ez —yol? = 02},

OWyo(e,0) = {& € R™ : Py + 2|z — yo|> = 6%} .

Since Ky, (e, 0) is contained in By, (y0), Ky, (e, 0) is a compact set. The hypersurface
0Ky, (,0) is nonsingular if and only if 6% is a regular value of the function u?+&2|x —yo|?.
By Sard’s theorem, for any fixed e, almost all the values of 6 are regular. Similarly,
applying Sard’s theorem to the function Pyq + €2|z — yo|?, we have that almost all the
values of 0 are regular as well. Henceforth, we can always assume that € and 6 are chosen
so that both the hypersurface 0Ky, (e,0) and 0W,,(e,0) are nonsingular. Moreover we

may also assume that they are contained in By /5(0).
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Let fiyy (x) and 7ix (x) be the exterior unit normal vector fields of the hypersurfaces

0Ky, (e,0) and OWy, (e, 0) respectively. Sard’s theorem ensures that the sets

{fiw (z) : Viiw(xz) =0} and {fig(x): Vig(x) =0}

both have measure zero in S*~1.

Therefore, up to some coordinate rotation, we can choose directions (0,---,0,1) € R",
such that (0,---,0,1) are neither the critical values of 7iy(z) nor the critical values of
fig ().

Let us denote the height function (z1,--- ,x,) — z, of the hypersurfaces 0Ky, (¢, 0)

and OWy,(e,0) by hy and hg respectively. From Morse theory (for details see the proof

of [21, Theorem 1]), we have that both hy and hx have no degenerate critical points.

Note that the critical point of Ay and hx can be characterized as follows:

OPyq(z— A
QdB(:l o) + gggf) +252(:z:1—y?)

F(x—y) = =0,

OPyg(z— O
saleyo) 4 0) 4 962 (g, g —yD_y)

Paq(x — yo) + d(x) + 2|z — yo|* — 62

0Py (z—
2%(;1 ) + 252($1 . yi))

Gz —y) = = 0.

OPsg(z—
B 4 23w — 0 )

Pog(x — o) + 2| — yo|? — 62

Applying Lemma 3.4 to the polynomial G(z — yg), we obtain

H{G1(0) N Br(yo)} < C(d), for any R € (0,1). (3.9)
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1 *
w51 (F(@ —yo0) — G(z — wo))

H Rzt CMo+1 (B (yo))
sﬁgi@mwﬂﬂ+mﬂﬁﬂm+ 4JWAGW+RMC+W+R%HC)
<CR*+4+CR+CR?*+ .-+ CRMo=2d42 5,

where dg is the positive constant obtained in Lemma 2.3.
By the transformation z — yg + Rz, we compute
OP:
T + 2 i
i F(Re)
) —
R2d-1 9
ifid(m) + 2 2};’:;7.(;_12
22 g2
RPZd(Z') + R2d—3 R2d-1 CMo+1(B,(0))
e (Fa— )~ Gla—w)l|
=l paa—1 L'\L —¥Yo) — T — Yo
R2d 1 CMo+1(Bg(yo))
<dp.
Note that (3.9) is equivalent to
~1
2]
e 4t
HO (0) N B1(0) p £ 1(yo) < C(Np).
8811255? +26% i
RP el — &
2d(2) + fri—s — Fza=T
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We introduce the CM*1-norm weighted with the radius R, denoted by ||-||% a1 ,
CM+1(Bg(a))

M+1

ZRZ sup |D'w(x)|.

lwlessmae) €Bn(a)
z€BRr(a

Using the inequalities (3.5) and (3.6), we can choose small R = R(yp) < % such that
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Therefore, we take the polynomial g = RPsg(x) + % — RQGT: in Lemma 2.3, then

there exists a positive constant rg such that

HO { [R;HF(R@] on BTO(O)} < Gy,

After transforming back to Bg(yo), one can get
H{[F(x = y0)) ™ (0) N Bryr(uo) } < Co.
Therefore, for any r < roR,

HO{[F(x = y0)) ™ (0) N Bu(yo) | < Co.

Here we need to remark that the constant Cp in the proof above also depends on
n, K, A\, A, which come from the assumptions of the coefficients. For simplicity, we omit

these constants in the notation Cj.

Recalling that the critical points of the height function hx can be characterized by
the zeros of F(xz — yp). Therefore, from (3) we can see that the height function hg, i.e.

the Morse function of the hypersurface 0Ky, (¢, ), only has finite critical points.

By Morse theory, the gth Betti number of 0Ky, (e, ) means the rank of the Cech

cohomology group H4(0K,,(e,0)). Let

H*(aK?Jo (€,0)) = @ Hq(aKyo (€,0)),

q

then the total Betti numbers of 0Ky, (¢, 0) is equals to rank H*(9K,, (¢, 0)).

The weak Morse inequalities imply
rank H" (0K, (e,0)) <#{all the critical points of hx}

<H{[F(e = yo)] ™ (0) N B, (30) }
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<Cy.

On the other hand, the Alexander duality theorem gives
1
rank H*(Ky,(e,0)) = Erank H*(0Kyy(e,0)).

Hence,

rank H*(Ky,(e,0)) < Cp.

Now we can choose suitable sequences {¢;} and {6;}, such that {¢;} decreases mono-
tonely with the limit zero and {6;/e;} decreases monotonely with limit r(yo). Meanwhile

each 0K, (e;,6;) is a nonsingular hypersurface.

It is easy to see that
K(e’fl,@l) D) K(e’fg,@g) DI K(En,gn) Do,

and
+oo
N(u) N Br(yo)(yO) = ﬂ K(€i7 0%)
=1

Therefore,

rank H* (N (u) N B,y (o)) < limsuprank H*(Ky, (e, 0;)) < Co.

It is obvious that the collection of {B,(,(y):y € N(u) N By)(0)} covers N(u) N
By/2(0). By the compactness of N (u) N By/(0), there exist finite balls {B,(y;) : j =

1,---,v} such that

v

N (u) N By 5(0) U v (Y)s

Jj=1

and for each j,

rank H*(N(u) N By, (y;)) < Co.
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Therefore,

the total Betti numbers of N'(u) N By/5(0) < C(No, K, A\, A, n),

which completes the proof of the main theorem. O
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