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Abstract

In this paper, we consider the global well-posedness of a three-dimensional in-
compressible MHD type system with smooth initial data that is close to some
nontrivial steady state. It is a coupled system between the Navier-Stokes equa-
tions and a free transport equation with a universal nonlinear coupling structure.
The main difficulty of the proof lies in exploring the dissipative mechanism of
the system due to the fact that there is a free transport equation of � in the cou-
pled equations and only the horizontal derivatives of � is dissipative with respect
to time. To achieve this, we first employ anisotropic Littlewood-Paley analysis
to establish the key L1.RCILip.R3// estimate to the third component of the
velocity field. Then we prove the global well-posedness to this system by the
energy method, which depends crucially on the divergence-free condition of the
velocity field. © 2013 Wiley Periodicals, Inc.

1 Introduction
In this paper, we investigate the global well-posedness of the following three-

dimensional incompressible system, which will be called of MHD type:

(1.1)

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

@t� C u � r� D 0; .t; x/ 2 RC �R3;

@tuC u � ru ��uCrp

D � divŒr� ˝r��;

divu D 0;

�jtD0 D �0; ujtD0 D u0;

with initial data .�0; u0/ smooth and close enough to the equilibrium state .x3; 0/.
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Recall that the MHD system in Rd reads

(1.2)

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

@tb C u � rb D b � ru; .t; x/ 2 RC �Rd ;

@tuC u � ru ��uCrp

D �
1
2
rjbj2 C b � rb;

divu D div b D 0;
bjtD0 D b0; ujtD0 D u0;

where u; b denotes the flow velocity field and the magnetic field vector, respec-
tively, and p the scalar pressure. This MHD system (1.2) with zero diffusivity
in the equation for the magnetic field can be applied to model plasmas when the
plasmas are strongly collisional or when the resistivity due to these collisions is
extremely small. It often applies to the case when one is interested in the k-length
scales that are much longer than the ion skin depth and the Larmor radius perpen-
dicular to the field, long enough along the field to ignore the Landau damping, and
time scales much longer than the ion gyration time [3, 7, 11]. In the particular case
when d D 2 in (1.2), div b D 0 implies the existence of a scalar function � so that
b D .�@2� @1�/

T; and the corresponding system becomes (1.1) with d D 2.
The goal of this paper is to solve the global small solutions to the three-dimensional

case of (1.1). We believe the techniques developed in this paper will be useful for
various important and related problems. In fact, by combining the ideas and tech-
niques developed in this paper, some additional estimates and a new formulation
of the problem in two dimensions lead to a solution of the true MHD system in two
dimensions. We will present these in the forthcoming paper [14].

We shall point out that the nonlinear coupling structure in (1.1) is universal and
it has been presented in many important models; see the recent survey article [12].
Indeed, the system (1.1) resembles the two-dimensional viscoelastic fluid system:

(1.3)

8̂̂̂<̂
ˆ̂:
Ut C u � rU D ruU;

ut C u � ruCrp D �uCr � .UU
T/;

divu D 0;
U jtD0 D U0; ujtD0 D u0;

where U denotes the deformation tensor, u is the fluid velocity, and p represents
the hydrodynamic pressure (we refer to [13] and the references therein for more
details).

In two space dimensions, when r �U0 D 0; it follows from (1.3) that r �U D 0
for all t > 0. Therefore, one can find a � D .�1; �2/ such that

U D

�
�@2�1 �@2�2
@1�1 @1�2

�
:
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Then (1.3) can be equivalently reformulated as8̂̂̂<̂
ˆ̂:
�t C u � r� D 0;

ut C u � ruCrp D �u �
P2
iD1��ir�i ;

divu D 0;
�jtD0 D �0; ujtD0 D u0:

(1.4)

One sees the only difference between (1.1) and (1.4) lies in the fact that � is
a scalar function in (1.1), while � D .�1; �2/ is a vector-valued function in (1.4).
The authors [13] established the global existence of smooth solutions to the Cauchy
problem in the entire space or on a periodic domain for (1.4) in general space
dimensions provided that the initial data is sufficiently close to the equilibrium
state. The main difficulty in proving this global existence result lies in the free
transport equation of � in (1.4), which does not show any dissipative mechanism.
However, it is observed in [13] that the combined quantityw def

D u�.��x/ satisfies

wt ��w D �u � rw � rp �

2X
iD1

��ir.�i � xi /C u:

This equation for w together with the important fact that det
�@�
@x

�
D 1 leads to

some decay estimates which overcome the difficulty of the hyperbolic nature of
the �-equation in (1.4). In fact, the damping mechanism of the system (1.4) can be
seen more directly from the linearization of the system @t (1.4):8̂<̂

:
�t t ��� ���t Crq D f;

ut t ��u ��ut Crp D F;

div� D divu D 0:
(1.5)

For the incompressible MHD equations (1.2), whether there is a dissipation or
not is also a very important problem from the physics of plasmas. The heating of
high-temperature plasmas by MHD waves is one of the most interesting and chal-
lenging problems of plasma physics especially when the energy is injected into
the system at length scales much larger than the dissipative ones. It has been con-
jectured that in the MHD systems, with nonvanishing underlying magnetic fields,
energy of the system is dispersed and also dissipated at a rate that is independent
of the ohmic resistivity [4]. The dispersive nature of the system with nonvanishing
magnetic fields was apparently known (from a private communication with Pro-
fessor A. Majda); see also [16]. In other words, the viscosity (diffusivity) for the
magnetic field equation can be 0 yet the whole system may still be dispersive and
dissipative when the magnetic fields are not 0. This is the key reason why we con-
sider (1.1) with initial data close to a nontrivial steady state .x3; 0/. Moreover, as
the dispersive estimate is often much stronger in three dimensions than in two, as
a model problem we shall first consider the global well-posedness of (1.1) with
smooth initial data close to .x3; 0/. Of course, x3 here can be replaced by any
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nontrivial linear function. On the other hand, without a nonzero magnetic field, the
dispersive effect disappears, and in fact it is an open problem to establish global
existence of small solutions of (1.1) when the initial data is close to .0; 0/.

We note that, after substituting � D x3C into (1.1), one obtains the following
system for . ; u/ W

(1.6)

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

@t C u � r C u
3 D 0; .t; x/ 2 RC �R3;

@tu
h C u � ruh ��uh

Crh@3 Crhp D � divŒrh ˝r �;

@tu
3 C u � ru3 ��u3

C .�C @23/ C @3p D � divŒ@3 r �;

divu D 0;

. ; u/jtD0 D . 0; u0/:

Here and in what follows, we shall always define uh WD .u1; u2/;rh WD .@x1 ; @x2/,
and �h WD @2x1 C @

2
x2

.
Starting from (1.6), a standard energy estimate gives rise to

(1.7)
1

2

d

dt

�
kr .t/k2

L2
C ku.t/k2

L2

�
C kru.t/k2

L2
D 0

for smooth enough solutions . ; u/ of (1.6). The main difficulty in proving the
global existence of smooth solutions to (1.6) is thus to find a dissipative mecha-
nism for  . Motivated by the heuristic analysis in Section 2.1, we shall employ
anisotropic Littlewood-Paley theory to capture the delicate dissipative mechanism
of  in Section 3. It turns out that the dissipation of u3 is much stronger than that
of uh; and the horizontal derivatives of  ; rh ; are more dissipative than @3 .
This, in some sense, also justifies the necessity of using anisotropic Littlewood-
Paley theory in Section 3.

Before going further, by taking the divergence of the u-equation of (1.6), we can
compute the pressure function p via

(1.8) p D �2@3 C

3X
i;jD1

.��/�1Œ@iu
j @ju

i
C @i@j .@i @j /�:

Substituting (1.8) into (1.6) results in

(1.9)

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

@t C u � r C u
3 D 0; .t; x/ 2 RC �R3;

@tu
h C u � ruh ��uh � rh@3 D f

h;

@tu
3 C u � ru3 ��u3 C�h D f

v;

divu D 0;

. ; u/jtD0 D . 0; u0/
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with f h and f v being defined by

f h
def
D �

3X
i;jD1

rh.��/
�1Œ@iu

j @ju
i
C @i@j .@i @j /�

�

3X
jD1

@j .rh @j /;

f v
def
D �

3X
i;jD1

@3.��/
�1Œ@iu

j @ju
i
C @i@j .@i @j /�

�

3X
jD1

@j .@3 @j /:

(1.10)

The object of this paper is to prove the following global well-posedness theorem
for (1.9):

THEOREM 1.1. Let s1 2 .�12 ; 0/; s2 � 3. Assume the initial data . 0; u0/ satisfies
.r 0; u0/ 2 PH

s1.R3/ \ PH s2.R3/ and

(1.11) kr 0k PH s1\ PH s2
C ku0k PH s1\ PH s2

� c0

for some c0 sufficiently small. Then (1.9) has a unique global solution .u;  / (up
to a constant for  ) so that r 2 C.Œ0;1/I PH s1.R3/ \ PH s2.R3// with rh 2
L2.RCI PH 1Cs1.R3/ \ PH s2.R3//,

u 2 C.Œ0;1/I PH s1.R3/ \ PH s2.R3// \ L2.RCI PH 1Cs1.R3/ \ PH 1Cs2.R3//

and with u3 2 L1.RCILip.R3//. Furthermore, there holds

kuk
L1T .

PH s1 /
C kuk

L1T .
PH s2 /

C kr k
L1T .

PH s1 /
C kr k

L1T .
PH s2 /
C kru3kL1T .Lip/

C c.kruk
L2T .

PH s1 /
C kruk

L2T .
PH s2 /
C krh kL2T . PH

1Cs1 /
C krh kL2T . PH

s2 /
/

� C.ku0k PH s1
C ku0k PH s2

C kr 0k PH s1
C kr 0k PH s2

/ for any T <1:

We want to make some preliminary remarks on the above statement.

Remark 1.2. As  is a scalar function in (1.9), we cannot apply the ideas and
analysis developed in [13, 15] for (1.3) in order to solve (1.9). To find the hidden
dissipation in (1.9) may be trickier than the case of the classical isentropic com-
pressible Navier-Stokes system (CNS) as it was first discussed by Danchin [8].
Indeed, Danchin proved that the variation of the density function around a con-
stant state to (CNS) belongs to L2.RCIBd=22;1 .R

d // and the velocity field is in

L1.RCIB
.d=2/C1
2;1 .Rd // provided the initial data is close enough to a constant



6 F. LIN AND P. ZHANG

state, while for our problem here one could only prove that the horizontal deriva-
tives of  ; rh , are in the space L2.RCIH s.R3//; while the third component
of the velocity field, u3; is in the space L1.RCILip.R3//. Much of the technical
difficulties are in getting around these missing estimates.

Remark 1.3. It is also rather technical to explore the delicate mechanism of par-
tial dissipations in (1.9). We settled the difficulties at the end by applying the
anisotropic Littlewood-Paley theory. One of the general questions we face is the is-
sue concerning the propagation of anisotropic regularity for the transport equation.
We do not know any existing method to handle such questions in general. Here, to
overcome this difficulty, we shall introduce a suitable anisotropic Besov-type norm
in Definition 2.3, and then establish a priori estimates in such norms for solutions
along with the interpolation inequality between this norm and the classical Sobolev
norms (see (2.6)). Of course, one may ask if these anisotropic (Sobolev) estimates
can also be established by working only in the physical space. We have done var-
ious preliminary calculations and estimates, and we found it is rather difficult also
if it is at all possible. On the other hand, by working in the phase space, and using
anisotropic Littlewood-Paley analysis, various estimates (although they look rather
complicated) seem quite natural.

It is interesting to see how the anisotropic Littlewood-Paley theory can be ap-
plied to these evolution equations with degenerations of certain ellipticity (parabol-
icity) in phase variables. One may compare it with classical Hörmander-type op-
erators (hypoellipticity) generated by suitable vector fields in the physical space.
It would be interesting to investigate these operators where the vector fields also
evolve with time (and sometimes depend nonlinearly on solutions).

Remark 1.4. It is easy to observe from the linearized system (1.13) of (1.9) that  
satisfies the degenerate damped wave equation

@2t ��h ��@t D @tg
0
��g0 � gv:

It is well-known that for the wave system, its solutions decay faster in a higher
space dimension, which is a crucial fact to prove the global existence of small
solutions to nonlinear systems. By using the method introduced in this paper, we
can only solve (1.9) in three dimensions (one may check the technical explanation
following (1.13)). The two-dimensional result will be presented in [14] by using a
different formulation of the system (1.9).

Scheme of the Proof and Organization of the Paper
Let . ; u/ be a global smooth solution of (1.9); applying a standard energy

estimate to (1.9) leads to

d

dt

�
1

2

�
ku.t/k2

PH s
C kr .t/k2

PH s
C
1

4
k� .t/k2

PH s

�
C
1

4
.u3 j � / PH s

�
(1.12)

C kruhk2
PH s
C
3

4
kru3k2

PH s
C
1

4
krhr k

2
PH s
D
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D �
�
.u � ru/ j u

�
PH s
�
�
r j r.u � r /

�
PH s
�
1

4

�
.u � ru3/ j � 

�
PH s

�
1

4

�
u3 j �.u � r /

�
PH s
�
1

4

�
�.u � r / j � 

�
PH s
C
�
f h j uh

�
PH s

C

�
f v j u3 C

1

4
� 

�
PH s
;

where .a j b/ PH s denotes the standard PH s.R3/ inner product of a and b. (1.12)
shows that rh is in the space L2.RCI PH 1Cs.R3//. After a careful check, we
would also need to estimate the L1.RCILip.R3//-norm of u3 in order to complete
the global energy estimate required in (1.12). Here we not only use the estimates
for rh but also apply the fact that divu D 0 in a rather crucial way.

Toward this, we shall first investigate the spectrum properties to the following
linearized system of (1.9):

(1.13)

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

@t C u
3 D g0; .t; x/ 2 RC �R3;

@tu
h ��uh � rh@3 D g

h;

@tu
3 ��u3 C�h D g

v;

divu D 0;
. ; u/jtD0 D . 0; u0/:

Simple calculation shows that the symbolic matrix of (1.13) has eigenvalues �0.�/
and �˙.�/ given by (2.1) that satisfy (2.2). This shows that smooth solutions of
(1.13) decay in a very subtle way; moreover, we will have to decompose our fre-
quency analysis into two parts: f� D .�h; �3/ W j�j

2 � 2j�hjg and f� D .�h; �3/ W

j�j2 > 2j�hjg. It suggests using anisotropic Littlewood-Paley analysis in order to
obtain the L1.RC;Lip.R3// estimate of u3.

Yet due to the fundamental difficulty in propagating anisotropic regularity for the
transport equations as we mentioned before, we need to introduce the functional
space Bs1;s2 in Definition 2.3 and to show first that theL1.RCIB.5=2/�ı;ı/ (for ı 2
.1
2
; 1/) estimate of u3 in Proposition 3.8. Note that it would essentially require f v

given by (1.9) to belong to L1.RC;B.1=2/�ı;ı/. Here we should point out that this
requirement is basically equivalent to f v 2 L1.RCIB.1=2/�ı2;1 .Rv/.Bı2;1.R

2
h/// for

ı 2 .1
2
; 1/, while for the two-dimensional case, this would require f v 2 L1.RCI

B�ı2;1.Rv/.Bı2;1.R
2
h/// for ı 2 .1

2
; 1/. The latter is impossible due to product laws

in Besov spaces in the vertical variable. This is why we will have to use another
formulation of (1.1) to prove its global existence of small solutions in the two-
dimensional case in our forthcoming paper [14].

In the first part of Section 2, we shall present a heuristic analysis to the linearized
system of (1.9), which motivates us to use anisotropic Littlewood-Paley theory be-
low; then we shall collect some basic facts on Littlewood-Paley analysis in Section
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2.2. In Section 3, we apply anisotropic Littlewood-Paley theory to explore the dis-
sipative mechanism for a linearized model of (1.9) but with a convection term. In
Section 4, we present the proof of Theorem 1.1. Finally, in Appendix A, we present
the proofs of Lemmas 3.1, 3.2, and 3.5, and in Appendix B, we present the proof
of the lemmas in Section 4.

Let us complete this section by describing the notation we shall use in this paper.

Notation
ForA;B two operators, we denote ŒAIB� D AB�BA; the commutator between

A and B . For a . b, we mean that there is a uniform constant C; which may be
different on different lines, such that a � Cb; a � b means that both a . b and
b . a. We shall denote by .a j b/ theL2.R3/ inner product of a and b. .dj;k/j;k2Z

(respectively, .cj /j2Z) will be a generic element of `1.Z2/ (respectively, `2.Z//
so that

P
j;k2Z dj;k D 1 (respectively,

P
j2Z c

2
j D 1/. Finally, we denote by

L
p
T .L

q

h
.Lrv// the space Lp.Œ0; T �ILq.Rx1 �Rx2 IL

r.Rx3///.

2 Preliminary
2.1 Spectral Analysis of the Linearized System

Before dealing with the full system (1.9), we shall make some heuristic analysis
of the linearized system (1.13). Indeed, observe that (1.13) can also be equivalently
written as �

 

u

�
D etA.D/

�
 0
u0

�
C

Z t

0

e.t�s/A.D/G.s/ds;

where

G.s/ D

0@g0gh
gv

1A and A.D/ D

0BB@
0 0 0 �1

@1@3 � 0 0

@2@3 0 � 0

��h 0 0 �

1CCA :
The symbolic matrix of the differential operator A.D/ reads

A.�/ D

0BB@
0 0 0 �1

��1�3 �j�j
2 0 0

��2�3 0 �j�j2 0

j�hj
2 0 0 �j�j2

1CCA ;
where �h

def
D .�1; �2/. It is easy to calculate that this matrix has three different

eigenvalues

(2.1) �0.�/ D �j�j
2; �˙ D �

j�j2 ˙
p
j�j4 � 4j�hj

2

2
:

In the remainder of this subsection, we always use . ; u/ to denote a sufficiently
smooth solution of (1.13) with a zero source term and ya the Fourier transform of
the distribution a.
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Notice that, corresponding to �0.�/ in (2.1), A.�/ has left characteristic vectors

.0; �1; �2; �3/ and .0; 0; j�hj
2; �2�3/ or .0; j�hj

2; 0; �1�3/:

This suggests that the quantities � �bu.t; �/ and .�1bu2��2bu1/.t; �/ decay like e�t j�j
2

.
Thanks to the divergence condition of u in (1.13), � �bu.t; �/ D 0; which however
does not provide any additional estimate for u.

On the other hand, corresponding to the eigenvalues �˙ in (2.1), the matrixA.�/
has left characteristic vectors�
j�hj

2; 0; 0;�
j�j2

2

�
1C

s
1 �

4j�hj
2

j�j4

��
;

�
j�j2

2

�
1C

s
1 �

4j�hj
2

j�j4

�
; 0; 0;�1

�
;

which suggests that .�1�h C b�u3/.t; �/ decays like e�t j�j
2

, whereas the decay
properties of .b� C bu3/.t; �/may be more complicated. Indeed, in the case where
2j�hj � j�j

2; .b� C bu3/.t; �/ decays just like e�t j�j
2=2; otherwise the decay prop-

erty of .b� C bu3/.t; �/ varies with directions as

(2.2) ��.�/ D �
2j�hj

2

j�j2
�
1C

q
1 � 4j�hj2

j�j4

� ! �1 as j�j ! 1

only in the �h-direction. This heuristic analysis shows that the dissipative proper-
ties of the solutions to (1.9) may be more complicated than that for the linearized
system of the isentropic compressible Navier-Stokes system in [8], and this brief
analysis also suggests to us to employ the tool of anisotropic Littlewood-Paley
theory, which has been used in the study of the anisotropic incompressible Navier-
Stokes equations [5, 6, 9, 10, 17–19] to explore the dissipative properties of (1.9).
One may check Section 3 below for the detailed rigorous analysis corresponding
to various scenarios.

2.2 Littlewood-Paley Theory
The proof of Theorem 1.1 requires a dyadic decomposition of the Fourier vari-

ables, or the Littlewood-Paley decomposition. Let us briefly explain how it may
be built in the case x 2 R3 (see, e.g., [1]). Let '.�/ and �.�/ be smooth functions
such that

Supp' �
�
� 2 R

ˇ̌̌̌
3

4
� j� j �

8

3

�
and 8� > 0;

X
j2Z

'.2�j �/ D 1;

Supp� �
�
� 2 R

ˇ̌̌̌
j� j �

4

3

�
and �.�/C

X
j�0

'.2�j �/ D 1:
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For a 2 S 0.R3/; we set

(2.3)

�hka
def
D F�1.'.2�kj�hj/ba/; Shk a

def
D F�1.�.2�kj�hj/ba/;

�v`a
def
D F�1.'.2�`j�3j/ba/; Sv` a

def
D F�1.�.2�`j�3j/ba/;

�ja
def
D F�1.'.2�j j�j/ba/; Sja

def
D F�1.�.2�j j�j/ba/;

with F�1a being the inverse Fourier transform of the distribution a. Then the
dyadic operators satisfy the property of almost orthogonality:

(2.4) �k�ja � 0 if jk�j j � 2 and �k.Sj�1a�ja/ � 0 if jk�j j � 5:

Similar properties hold for �h
k

and �v
`
.

We recall now the definition of homogeneous Besov spaces from [1].

DEFINITION 2.1 (Definition 2.15 of [1]). Let .p; r/ 2 Œ1;C1�2; s 2 R. The
homogeneous Besov space PBsp;r.R

3/ consists of those distributions u 2 S 0
h
.R3/;

which means that u 2 S 0.R3/ and limj!�1 kSjukL1 D 0 (see definition 1.26
of [1]) such that

kuk PBsp;r
def
D .2qsk�qukLp /`r .Z/ <1:

Remark 2.2.
(1) It is easy to observe that the homogeneous Besov space PBs2;2.R

3/ coincides
with the classical homogeneous Sobolev space PH s.R3/.

(2) Let s 2 R; 1 � p; r � 1, and u 2 S 0.R3/. Then u belongs to PBsp;r.R
3/

if and only if there exists fcj;rgj2Z such that kcj;rk`r D 1 and

k�jukLp � Ccj;r 2
�js
kuk PBsp;r

for all j 2 Z:

To explore the delicate dissipative mechanism of system (1.9), instead of using
the classical anisotropic-type Besov spaces as found in [5, 6, 10, 17], we need to
introduce the following norm:

DEFINITION 2.3. Let s1; s2 2 R and u 2 S 0.R3/; we define the norm

kukBs1;s2
def
D

X
j;k2Z2

2js12ks2


�j�hku

L2 :

However, due to the difficulty of propagating anisotropic regularities to solu-
tions of transport equations, we need the following imbedding theorem between
Bs1;s2.R3/ defined above and the classical homogeneous Sobolev spaces (see [9]
for a similar situation).

LEMMA 2.4. Let s1; s2; �1; �2 be positive numbers with s1 < �1 C �2 < s2. Then
if a 2 PH s1.R3/ \ PH s2.R3/, a 2 B�1;�2 , there holds

kakB�1;�2 . kak PH s1
C kak PH s2

:



GLOBAL SMALL SOLUTIONS TO AN MHD-TYPE SYSTEM 11

PROOF. Indeed, thanks to Definition 2.3, we have

kakB�1;�2 D
�X
k�j

C

X
j<k

�
2j�12k�2



�j�hka

L2 :
Notice that since �2 > 0, we haveX

k�j

2j�12k�2


�j�hka

L2 .X

j2Z

2j�1k�jakL2
X
k�j

2k�2

.
X
j2Z

2j.�1C�2/k�jakL2 . kak PB�1C�22;1

:
(2.5)

Along the same line, we get, by using the fact that j � k � N0 in the operator
�j�

h
k

, thatX
k<j

2j�12k�2


�j�hka

L2 .X

k2Z

2k�2


�hka

L2X

j<k

2j�1

.
X
k2Z

2k.�1C�2/


�hka

L2

.
X

k�j�N0

2k.�1C�2/


�j�hka

L2

.
X
j2Z

2j.�1C�2/k�jakL2 . kak PB�1C�22;1

;

which together with (2.5) completes the proof of the lemma. �

In order to obtain a better description of the regularizing effect of the transport-
diffusion equation, we will use Chemin-Lerner type spaces zL�T .B

s
p;r.R

3// from [1].

DEFINITION 2.5. Let s � 3
p

(or, in general, s 2 R), .r; �; p/ 2 Œ1; C1�3, and

T 2 .0;C1�. We define the zL�T . PB
s
p r.R

3//-norm by

kf kzL�T . PB
s
p;r /

def
D

�X
q2Z

2qrs
�Z T

0

k�q f .t/k
�
Lp dt

� r
�
� 1
r

<1;

with the usual change if r D1. For short, we just denote this space by zL�T . PB
s
p;r/.

Remark 2.6. Corresponding to Definitions 2.3 and 2.5, we define the norm

kf kzL2.Bs1;s2 /
def
D

X
j;k2Z2

2js12ks2


�j�hku

L2T .L2/:

In particular, it follows from the same line of proof for Lemma 2.4 that

(2.6) kf kzL2T .B
�1;�2 /

. kf k
L2T .

PH s1 /
C kf k

L2T .
PH s2 /

with �1; �2 and s1; s2 being given by Lemma 2.4.
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As we shall repeatedly use the anisotropic Littlewood-Paley theory in what fol-
lows, for the convenience of the reader, we list some basic facts here.

LEMMA 2.7. Let Bh (respectively, Bv) be a ball of R2h (respectively Rv), and Ch
(respectively Cv) a ring of R2h (respectively Rv); let 1 � p2 � p1 � 1 and 1 �
q2 � q1 � 1. Then the following hold:

If the support ofba is included in 2kBh, then

k@˛xhakL
p1
h
.L
q1
v /
. 2k.j˛jC2.

1
p2
� 1
p1
//
kak

L
p2
h
.L
q1
v /
:

If the support ofba is included in 2`Bv, then

@ˇ3 a

Lp1
h
.L
q1
v /
. 2`.ˇC.

1
q2
� 1
q1
//
kak

L
p1
h
.L
q2
v /
:

If the support ofba is included in 2kCh, then

kak
L
p1
h
.L
q1
v /
. 2�kN sup

j˛jDN



@˛xha

Lp1
h
.L
q1
v /
:

If the support ofba is included in 2`Cv, then

kak
L
p1
h
.L
q1
v /
. 2�`N



@N3 a

Lp1
h
.L
q1
v /
:

PROOF. Those inequalities are classical (see, for instance, [6, 17]). For the
reader’s convenience, we shall prove the third one in the specific case whenN D 1.
Let us consider z' in D.R2 nf0g/ such that z' has value 1 near Ch. Then for any tem-
pered distribution a such that the support ofba is included in 2kCh, we have

ba D 2�ki��1 z'1.2�k�h/C �2 z'2.2�k�h/�ba with z'n.�h/
def
D �

i�n z'.�h/

j�hj
2

:

Then, we have

(2.7)
a D 2�k divh

�!
�
h

ka;
�!
�
h

ka
def
D
�
�hk;1a;�

h
k;2a

�
;

�hk;na
def
D F�1.z'n.2�k�h/ba/:

A similar formula will be useful later on, and it proves the third inequality of the
lemma in the particular case when N D 1. �

Let us conclude this section by modifying the isotropic paradifferential decom-
position of J. M. Bony [2] to the setting of anisotropic version. We first recall the
isotropic paradifferential decomposition from [2]: let a; b 2 S 0.R3/,

ab D T .a; b/CR.a; b/ or ab D T .a; b/C xT .a; b/CR.a; b/;(2.8)
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where

T .a; b/ D
X
j2Z

Sj�1a�j b; xT .a; b/ D T .b; a/; R.a; b/ D
X
j2Z

�jaSjC2b;

R.a; b/ D
X
j2Z

�ja z�j b; z�j b D

jC1X
`Dj�1

�`a:

We shall also use the following anisotropic version of Bony’s decomposition for
the horizontal variables:

(2.9) ab D T h.a; b/CRh.a; b/ or ab D T h.a; b/C xT h.a; b/CRh.a; b/;

where

T h.a; b/ D
X
k2Z

Shk�1a�
h
kb;

xT h.a; b/ D T h.b; a/;

Rh.a; b/ D
X
k2Z

�hkaS
h
kC2b; Rh.a; b/ D

X
k2Z

�hka
z�hkb;

z�hkb D

kC1X
`Dk�1

�h`a:

Considering the special structure of the functions in Bs1;s2.R3/, we sometimes use
both (2.8) and (2.9) simultaneously.

3 Estimate of a Linear System with Convection Terms

Let f; ; u D .uh; u3/ be smooth enough functions satisfying

(3.1)

8̂̂̂<̂
ˆ̂:
@t C u � r C u

3 D 0; .t; x/ 2 RC �R3;

@tu
3 C u � ru3 ��u3 C�h D f;

divu D 0;
. ; u3/jtD0 D . 0; u

3
0/:

The goal of this section is to derive the a priori L1.RCILip.R3// estimate of u3.
This system is a sort of linearized model for the  and u3 equation of (1.9), which
turns out to be the most difficult part in exploring a dissipative mechanism for (1.9).

According to the heuristic discussions in Section 2.1, when we work on the
energy estimate for (3.1), � should be matched with u3. Furthermore, we need
to split the frequency space into two parts, one is f� W 2j�hj � j�j2g, where both
u3 and  have very good decay properties, the other part is f� W 2j�hj < j�j2g,
where the decay rates of u3 and  are not uniform. Motivated by this, we first
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apply �j�hk to (3.1) and get that

(3.2)

8̂<̂
:
@t�j�

h
k
 C�j�

h
k
.u � r /C�j�

h
k
u3 D 0; .t; x/ 2 RC �R3;

@t�j�
h
k
u3 C�j�

h
k
.u � ru3/

���j�
h
k
u3 C�h�j�

h
k
 D �j�

h
k
f:

We emphasize that throughout the paper, we always use �h to denote @2x1 C @
2
x2

.
Taking the L2 inner product of the u3 equation in (3.2) with �j�hku

3 results in

1

2

d

dt



�j�hku3.t/

2L2 C 

r�j�hku3.t/

2L2
C
�
�h�j�

h
k 

ˇ̌
�j�

h
ku
3
�

D �
�
�j�

h
k.u � ru

3/
ˇ̌
�j�

h
ku
3
�
C
�
�j�

h
kf

ˇ̌
�j�

h
ku
3
�
:

(3.3)

However, thanks to the  -equation of (3.2) and using integration by parts, we have�
�h�j�

h
k 

ˇ̌
�j�

h
ku
3
�
D

1

2

d

dt



rh�j�hk .t/

2L2 � ��h�j�hk ˇ̌
�j�

h
k.u � r /

�
:

Hence we obtain

1

2

d

dt

�

�j�hku3.t/

2L2 C 

rh�j�hk .t/

2L2�C 

r�j�hku3.t/

2L2
D �

�
�j�

h
k.u � ru

3/
ˇ̌
�j�

h
ku
3
�
�
�
rh�j�

h
k 

ˇ̌
rh�j�

h
k.u � r /

�
C
�
�j�

h
kf

ˇ̌
�j�

h
ku
3
�
:

(3.4)

To see decay properties of  , we take the L2 inner product of the u3-equation in
(3.2) with ��j�hk and obtain that�

�j�
h
k@tu

3
ˇ̌
��j�

h
k 
�
�
�
��j�

h
ku
3
ˇ̌
��j�

h
k 
�

C


rhr�j�hk 

2L2
D �

�
�j�

h
k.u � ru

3/
ˇ̌
��j�

h
k 
�
C
�
�j�

h
kf

ˇ̌
��j�

h
k 
�
:

Again thanks to the  -equation of (3.2), one has�
�j�

h
k@tu

3
ˇ̌
��j�

h
k 
�
D
d

dt

�
�j�

h
ku
3
j ��j�

h
k 
�
�
�
�j�

h
ku
3
ˇ̌
��j�

h
k t

�
D
d

dt

�
�j�

h
ku
3
ˇ̌
��j�

h
k 
�
�


r�j�hku3

2L2

C
�
�j�

h
ku
3
ˇ̌
��j�

h
k.u � r /

�
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and

�
�
��j�

h
ku
3
ˇ̌
��j�

h
k 
�
D

1

2

d

dt



��j�hk .t/

2L2 C ���j�hk.u � r / ˇ̌ ��j�hk �;
which gives rise to

d

dt

�
1

2
k��j�

h
k .t/k

2
L2
C
�
�j�

h
ku
3
ˇ̌
��j�

h
k 
��

C


rhr�j�hk 

2L2 � 

r�j�hku3

2L2
D �

�
�j�

h
k.u � ru

3/
ˇ̌
��j�

h
k 
�
�
�
�j�

h
ku
3
ˇ̌
��j�

h
k.u � r /

�
�
�
��j�

h
k.u � r /

ˇ̌
��j�

h
k 
�
C
�
�j�

h
kf

ˇ̌
��j�

h
k 
�
:

(3.5)

Summing up (3.4) with 1
4
� (3.5), we arrive at

d

dt

�
1

2

�

�j�hku3.t/

2L2 C 

rh�j�hk .t/

2L2 C 1

4



��j�hk .t/

2L2�
C
1

4

�
�j�

h
ku
3
ˇ̌
��j�

h
k 
��

C
3

4
kr�j�

h
ku
3.t/k2

L2
C
1

4
krhr�j�

h
k k

2
L2

D �
�
�j�

h
k.u � ru

3/
ˇ̌
�j�

h
ku
3
�
�
�
rh�j�

h
k 

ˇ̌
rh�j�

h
k.u � r /

�
�
1

4

�
�j�

h
k.u � ru

3/
ˇ̌
��j�

h
k 
�
�
1

4

�
�j�

h
ku
3
ˇ̌
��j�

h
k.u � r /

�
�
1

4

�
��j�

h
k.u � r /

ˇ̌
��j�

h
k 
�

C

�
�j�

h
kf

ˇ̌̌̌
�j�

h
ku
3
C
1

4
��j�

h
k 

�
:

(3.6)

Notice that
1

4

ˇ̌�
�j�

h
ku
3
ˇ̌
��j�

h
k 
�ˇ̌
�
1

16



��j�hk 

2L2 C 1

4



�j�hku3

2L2 ;
one has

1

4



�j�hku3

2L2 C 1

2



rh�j�hk .t/

2L2 C 1

16



��j�hk 

2L2
�
1

2

�

�j�hku3.t/

2L2 C 

rh�j�hk .t/

2L2 C 1

4



��j�hk .t/

2L2�
C
1

4

�
�j�

h
ku
3
ˇ̌
��j�

h
k 
�

�
3

4



�j�hku3

2L2 C 1

2



rh�j�hk .t/

2L2 C 3

16



��j�hk 

2L2 :
(3.7)
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In what follows, we shall use (3.6) and (3.7) to derive the L1.RCILip.R3//
estimate for u3 and the dissipative estimates for  . As in the heuristic discussions
in Section 2.1, we shall separate the analysis into two regions in the Fourier space.
The first part, f� W 2j�hj � j�j2g, corresponds to the part with j � .k C 1/=2 in
(3.6), and the second part, f� W 2j�hj < j�j2g, corresponds to the part for j >

.k C 1/=2 in (3.6).

3.1 Estimate for the Case j � kC1
2

in (3.6)
In this case, thanks to Lemma 2.7 and (3.7), one has

gj;k.t/
2 def
D
1

2

�

�j�hku3.t/

2L2 C krh�j�hk .t/k2L2 C 1

4
k��j�

h
k .t/k

2
L2

�
C
1

4

�
�j�

h
ku
3
ˇ̌
��j�

h
k 
�

�


�j�hku3.t/

2L2 C krh�j�hk .t/k2L2 :

Applying Lemma 2.7 once again yields

r�j�hku3.t/

2L2 C 

rrh�j�hk .t/

2L2 �
c22j

�

�j�hku3.t/

2L2 C 

rh�j�hk .t/

2L2� � c22jgj;k.t/2:
For any " > 0, dividing (3.6) by gj;k.t/C ", then taking "! 0 and integrating the
resulting equation over Œ0; T �, we obtain

�j�hku3

L1T .L2/ C 

rh�j�hk 

L1T .L2/

C c22j
�

�j�hku3

L1T .L2/ C 

rh�j�hk 

L1T .L2/�

�


�j�hku30

L2 C 

rh�j�hk 0

L2
C C

Z T

0

�

�j�hk.u � ru3/

L2 C 

rh�j�hk.u � r /

L2
C


�j�hkf 

L2�dt:

(3.8)

Here we have used the fact that

krh�j�
h
k.u � r /kL2 � c2

k
k�j�

h
k.u � r /kL2

� c22j k�j�
h
k.u � r /kL2 � ck��j�

h
k.u � r /kL2 ;

and 

rh�j�hk 

L2 � ck��j�hk kL2 for j �
k C 1

2
:

Let us now estimate term by term of the last line in (3.8). This will basically de-
pend on the following two technical lemmas, the proofs of which will be postponed
to Appendix A.
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LEMMA 3.1. Let s > 0 and a; b be sufficiently smooth functions. Then one has

�j�hk.ab/

L1
T
.L2/

. dj;k2�js
�
kak

zL2
T
.Bs;

1
4 /
kbk

zL2
T
. PB
5
4
2;1
/
C kak

zL2
T
. PB
5
4
2;1
/
kbk

zL2
T
.Bs;

1
4 /

C kak
zL2
T
.B
1
2
; 3
4 /
kbk

L2
T
.Bs;

1
4 /
C kak

L2
T
.Bs;

1
4 /
kbk

zL2
T
.B
1
2
; 3
4 /

�
:

(3.9)

Here .dj;k/j;k2Z is a generic element of `1.Z2/ so that
P
j;k2Z dj;k D 1.

LEMMA 3.2. Let s 2 .0; 3
4
/, ı 2 .0; 1/, and  ; u D .uh; u3/ be smooth enough

functions. Then one has

�j�hk.u � r /

L1
T
.L2/

. dj;k2�js2�k
n
krukL2

T
.H1/

�
krh kzL2

T
. PB
.3=2/
2;1

/
C krh kzL2

T
.B
1
2
; 3
4 /

C krh kzL2
T
.Bs;1�"/ C krh kzL2

T
.B1Cs;"/

�
C ku3kL1

T
.B.5=2/�ı;ı/k@3 kzL1

T
.H1/

o
(3.10)

for some sufficiently small " > 0.

Remark 3.3. We should point out that the reason that we use the framework of
such complicated function spaces zL2T .B

s1;s1/ in Lemma 3.1 and Lemma 3.2 is to
have dj;k in (3.9) and (3.10) with

P
j;k2Z dj;k D 1, which is crucial to derive the

L1T .Lip.R3// estimate for u3 in Proposition 3.8 below.

Applying Lemma 3.1 and Lemma 3.2 to (3.8), we arrive at the following:

PROPOSITION 3.4. Let ı 2 .1
2
; 1/, �0 2 Œ3

2
; 5
2
� ı�, and  ; u D .uh; u3/ be

sufficiently smooth functions that solve (3.1). Then for j � .k C 1/=2, there holds

�j�hku3

L1
T
.L2/
C


rh�j�hk 

L1

T
.L2/

C c22j
�

�j�hku3

L1

T
.L2/
C


rh�j�hk 

L1

T
.L2/

�
. dj;k2�j.�0�2/2�kı

n
ku30kH1 C krh 0kH1 C ku

3
kL1
T
.B.5=2/�ı;ı/k@3 kzL1

T
.H1/

C krukL2
T
.H1/

�
krukL2

T
.H1/ C krh kL2

T
. PH1/ C krh kL2

T
. PH2/

�o
C k�j�

h
kf kL1

T
.L2/:

PROOF. Indeed, as �0 2 Œ32 ;
5
2
� ı�, ı C �0 � 2 2 Œı � 1

2
; 1
2
�, we can split it as

ı C �0 � 2 D s1 C s2 with s1; s2 > 0. Then since j � k �N0 in �j�hk , we have

�j�hku30

L2 . dj;k2�js12�ks2ku30kBs1;s2
. dj;k2�j.�0�2/2�kıku30kH1 ;

and a similar estimate is valid for rh 0.
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Applying (2.6), Lemma 3.1 for s D �0� 1C ı 2 Œ12 C ı;
3
2
�, and Lemma 3.5 for

s D �0 � 2C ı 2 Œı �
1
2
; 1
2
�, one has

�j�hk.u � ru3/

L1T .L2/ . 2j

�j�hk.uu3/

L1T .L2/

. dj;k2�j.�0�2Cı/kruk2L2T .H1/
;

and 

rh�j�hk.u � r /

L1T .L2/
. dj;k2�j.�0�2Cı/

˚
krukL2T .H1/.krh kL2T . PH1/

C krh kL2T . PH2/
/

C ku3kL1T .B.5=2/�ı;ı/
k@3 kzL1T .H1/

	
:

Substituting the above estimates into (3.8) and using once again the fact that j �
k �N0 in the operator�j�hk leads to Proposition 3.4. �

3.2 Estimate for the Case j > kC1
2

in (3.6)
In this case, thanks to Lemma 2.7 and (3.7), one has

1

2

�

�j�hku3.t/

2L2 C krh�j�hk .t/k2L2 C 1

4
k��j�

h
k .t/k

2
L2

�
C
1

4

�
�j�

h
ku
3
ˇ̌
��j�

h
k 
�

�


�j�hku3

2L2 C 

��j�hk .t/

2L2 ;

which along with (3.6), Lemma 2.7, and a similar derivation of (3.8) ensures that

�j�hku3

L1T .L2/ C 

��j�hk 

L1T .L2/
C c

22k

22j

�

�j�hku3

L1T .L2/ C 

��j�hk 

L1T .L2/�
�


�j�hku30

L2 C 

��j�hk 0

L2
C C

Z T

0

�

�j�hk.u � ru3/

L2 C 

��j�hk.u � r /

L2
C


�j�hkf 

L2�dt:

(3.11)

Here we used the fact j � .k C 1/=2 so that 22j � 22.kC1/=22j . Thus the
estimate for this part of . ; u3/ can be reduced to that for the last line of (3.11). In
what follows, for any distribution a, we shall always denote

(3.12) al
def
D

X
k�2j�1

�j�
h
ka and ah

def
D

X
k<2j�1

�j�
h
ka
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and

(3.13) kakzL1
T
.Bs1;s2
1;1

/

def
D

X
k2Z

2ks2 sup
j�k�N0

2js1


�j�hka

L1

T
.L2/

for s1; s2 2 R :

Here is the key lemma.

LEMMA 3.5. Let ı 2 .1
2
; 1/, s0 2 .12 ; ı/, and �0 2 Œ32 ;

5
2
� ı�. Let  ; u D .uh; u3/

be sufficiently smooth functions. Then one has

�j�hk.u � r /

L1T .L2/
. dj;k2�j�02�kı

˚
kruk

L2T .H
5
2 /

�
krh kL2T . PH

s0 /
C krh kL2T . PH3/

�
C
�
ku3k

zL1T .B
1; 1
2
Cı

1;1 /
C ku3kL1T .B.5=2/�ı;ı/

�
kr kzL1T .H2/

	
:

We assume this lemma for the time being, the proof of which will be presented
in Appendix A.

Remark 3.6. Lemma 3.5 will be the most crucial part used in the proof of Proposi-
tion 3.8 below. The main difficulty lies in the estimate of terms like�

�j�
h
k.T T

h.u;r //
ˇ̌
�j�

h
k 
�

due to the anisotropic nature in our Littlewood-Paley decompositions. Indeed,
comparing with the isotropic case as in (B.4) and (B.10) below, the estimates for
commutators of the form Œ�h

k
; Sj�1S

h
k�1

u� � r�j�
h
k
 will lead to estimates in-

volving factors 2j =2k . According to the scaling property ofL1T .Lip.R3//, it would
give a L1T .B

3=2;1/ estimate for u3 provided that the source term f in (3.1) belongs
to L1T .B

�1=2;1/. On the other hand, it follows from the proof of Proposition 4.1
that for any smooth enough solution . ; u/ of (1.9) on Œ0; T �, f v given by (1.9)
belongs only to zL1T .B

�1=2;1
1;1 /. This will lead to a zL1T .B

3=2;1
1;1 / estimate for u3 in-

stead, and it does not imply its L1T .Lip.R3// estimate. The latter turns out to be
the most crucial item in the proof of Theorem 1.1. This also explains why we need
to work in the more complicated function spaces L1T .B

5=2�ı;ı/ with ı 2 .1
2
; 1/ for

u3 in what follows.

With Lemma 3.2, one can deduce, by a similar proof to that for Proposition 3.4
and (3.11), the following:

PROPOSITION 3.7. Let ı 2 .1
2
; 1/, s0 2 .12 ; ı/, and �0 2 Œ32 ;

5
2
� ı�. Let  ; u D

.uh; u3/ be sufficiently smooth functions that solve (3.1). Then for j > .k C 1/=2
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there holds



�j�hku3

L1T .L2/ C 

��j�hk 

L1T .L2/
C c

�
22.k�j /



�j�hku3

L1T .L2/ C 22k

�j�hk 

L1T .L2/�
.


�j�hkf 

L1T .L2/ C dj;k2�j.�0�2/2�kınku30kH1 C k� 0kH1

C kruk
L2T .H

5
2 /

�
krh kL2T . PH

s0 /
C krh kL2T . PH3/

C krukL2T .H1/

�
C
��
ku3k

zL1T .B
1; 1
2
Cı

1;1 /
C ku3kL1T .B.5=2/�ı;ı/

�
kr kzL1T .H2/

o

where k � kzL1T .B
1;1=2Cı
1;1 /

is given by (3.13).

3.3 L1
T
.Lip.R3// Estimate of u3

The goal of this subsection is to combine Proposition 3.4 and Proposition 3.7 to
derive an L1T .Lip.R3//-estimate of u3 for solutions of the equation (3.1).

PROPOSITION 3.8. Under the same assumptions as in Proposition 3.7, for any
�0 2 .

3
2
; 5
2
� ı�, one has

ku3k
zL1
T
.B
3
2
;ı

1;1
/
C k lk

zL1
T
.B
3
2
;1Cı

1;1
/
C k hk

zL1
T
.B
� 1
2
;2Cı

1;1
/

C ku3kL1
T
.B�0;ı/ C k lkL1

T
.B�0;1Cı/ C k hkL1

T
.B�0�2;2Cı/

. ku30kH1 C kr 0kH2 C kf kL1
T
.B�0�2;ı/ C kf k

zL1
T
.B
� 1
2
;ı

1;1
/

C kruk
L2
T
.H

5
2 /

�
krh kL2

T
. PH s0 / C krh kL2

T
. PH3/ C krukL2T .H1/

�
C
�
ku3k

zL1
T
.B
3
2
;ı

1;1
/
C ku3kL1

T
.B.5=2/�ı;ı/

�
kr kzL1

T
.H2/

(3.14)

with  l;  h given by (3.12) and k � kzL1T .B
1;1=2Cı
1;1 /

defined by (3.13).

PROOF. Thanks to (3.13), we have

ku3k
zL1T .B

1; 1
2
Cı

1;1 /
D

X
k2Z

2k.
1
2
Cı/ sup

j�k�N0

2j


�j�hku3

L1T .L2/

.
X
k2Z

2kı sup
j�k�N0

2
3j
2



�j�hku3

L1T .L2/ D ku3kzL1T .B3=2;ı1;1 /
:
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Notice that since �0 2 .32 ;
5
2
�ı�, it follows from Proposition 3.4 and Proposition

3.7 that

k lkL1
T
.B�0;1Cı/ C k hkL1

T
.B�0�2;2Cı/

. ku30kH1 C kr 0kH2 C kf kL1
T
.B�0�2;ı/

C
�
ku3k

zL1
T
.B
3
2
;ı

1;1
/
C ku3kL1

T
.B.5=2/�ı;ı/

�
kr kzL1

T
.H2/

C kruk
L2
T
.H

5
2 /

�
krh kL2

T
. PH s0 / C krh kL2

T
. PH3/ C krukL2T .H1/

�
:

(3.15)

On the other hand, applying Lemma 2.7 to (3.3) gives

�j�hku3

L1T .L2/ C c22j

�j�hku3

L1T .L2/
�


�j�hku30

L2 C C �22k

�j�hk 

L1T .L2/

C


�j�hk.u � ru3/

L1T .L2/ C 

�j�hkf 

L1T .L2/�;

which in particular implies that

2j�02kı


�j�hku3

L1T .L2/

� 2j.�0�2/2kı


�j�hku30

L2 C C2j.�0�2/2k.2Cı/k�j�hk kL1T .L2/

C C2j.�0�2/2kı
�

�j�hk.u � ru3/

L1T .L2/ C 

�j�hkf 

L1T .L2/�:

Substituting (3.15) into the above inequality yieldsX
k<2jC1

2j�02kı


�j�hku3

L1T .L2/

. ku30kH1 C kr 0kH2 C kf kL1T .B
�0�2;ı/

C
�
ku3k

zL1T .B
3
2
;ı

1;1/
C ku3kL1T .B.5=2/�ı;ı/

�
kr kzL1T .H2/

C kruk
L2T .H

5
2 /

�
krh kL2T . PH

s0 /
C krh kL2T . PH3/

C krukL2T .H1/

�
:

From this inequality and Proposition 3.4, we obtain

ku3kL1T .B
�0;ı/

. ku30kH1 C kr 0kH2 C kf kL1T .B
�0�2;ı/

C
�
ku3k

zL1T .B
3
2
;ı

1;1/
C ku3kL1T .B.5=2/�ı;ı/

�
kr kzL1T .H2/

C kruk
L2T .H

5
2 /

�
krh kL2T . PH

s0 /
C krh kL2T . PH3/

C krukL2T .H1/

�
:

(3.16)
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In the same manner, one may deduce that

ku3k
zL1T .B

3
2
;ı

1;1/
C k lk

zL1T .B
3
2
;1Cı

1;1 /
C k hk

zL1T .B
� 1
2
;2Cı

1;1 /

. ku30kH1 C kr 0kH2

C
�
ku3k

zL1T .B
3
2
;ı

1;1/
C ku3kL1T .B.5=2/�ı;ı/

�
kr kzL1T .H2/

C kruk
L2T .H

5
2 /

�
krh kL2T . PH

s0 /

C krh kL2T . PH3/
C krukL2T .H1/

�
C kf k

zL1T .B
� 1
2
;ı

1;1 /
:

This together with (3.15) and (3.16) finishes the proof of the proposition. �

Remark 3.9. It follows from Remark B.3 below that if . ; u/ is a smooth solution
of (1.9) on Œ0; T �, the source term f v given by (1.10) belongs only to zL1T .B

�1=2;ı
1;1 /

no matter how smooth . ; u/ is. Hence we do not know how to improve the a priori
estimate (3.14) for u3.

4 Proof of Theorem 1.1
It is well known that local existence of smooth solutions to (1.9) basically fol-

lows from the a priori estimate for smooth enough solutions of (1.9) (see [16] for
instance). Indeed, given smooth initial data . 0; u0/, instead of the smallness con-
dition (1.11), under the assumption that kr 0kH2 is sufficiently small, we can
deduce from (4.16) that a smooth enough solution . ; u/ of (1.9) satisfies a local
version of the estimate (4.19), which ensures that (1.9) has a local smooth solution
. ; u/ on Œ0; T �/. The uniqueness of such solutions can be obtained by taking the
difference and then by performing an energy estimate. For simplicity, we skip the
details here.

The goal of this section is to prove that T � D1 provided that . 0; u0/ satisfies
(1.11). As a convention in the rest of this section, we shall always denote by . ; u/
the unique local smooth solution of (1.9) on Œ0; T �/. We start the proof of Theorem
1.1 by the L1T .Lip.R3//-estimate of u3.

4.1 L1
T
.Lip.R3//-Estimate of u3

Thanks to Proposition 3.8, we need to provide a L1T .B
.1=2/�ı;ı/-estimate of f v

given by (1.9).

PROPOSITION 4.1. Let ı 2 .1
2
; 1/, . ; u/ be the unique local smooth solution of

(1.10) on Œ0; T �/, and  l;  h be determined by (3.12) with  l 2 L
1
T .B

.5=2/�ı;1Cı/
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and  h 2 L
1
T .B

.1=2/�ı;2Cı/. Let f v be given by (1.10). Then there holds

kf vkL1T .B.1=2/�ı;ı/

. kruk2
L2T .H

1/
C krh k

2

L2T .
PH1/
C krh k

2

L2T .
PH2/

C kr kzL1T .H2/

�
k lkL1T .B.5=2/�ı;1Cı/

C k hkL1T .B.1=2/�ı;2Cı/
�
;

(4.1)

for any T < T �.

PROOF. The proof of this proposition is based on the following two lemmas.

LEMMA 4.2. Under the assumptions of Proposition 4.1, one has

�j�hk�h.��/�1@3.@3 /2

L1T .L2/
. dj;k2�j.

1
2
�ı/2�kı

n
krh k

2

L2T .
PH1/
C krh k

2

L2T .
PH2/

C k@3 kzL1T .H2/

�
k lkL1T .B.5=2/�ı;1Cı/

C k hkL1T .B.1=2/�ı;2Cı/
�o
:

LEMMA 4.3. Under the assumptions of Proposition 4.1, one has

�j�hk.@3 @h /

L1T .L2/
. dj;k2�j.

1
2
�ı/2�k.1Cı/

n
krh k

2

L2T .
PH1/
C krh k

2

L2T .
PH2/

C k@3 kzL1T .H2/

�
k lkL1T .B.5=2/�ı;1Cı/

C k hkL1T .B.1=2/�ı;2Cı/
�o
:

Let us proceed to the proof of Proposition 4.1 with Lemma 4.2 and Lemma 4.3,
the proofs of which will be presented in Appendix B. We first rewrite f v as

f v D �

3X
i;jD1

@3.��/
�1Œ@iu

j @ju
i � �

X
i or j¤3

@3.��/
�1@i@j Œ@i @j �

�

2X
jD1

@j .@3 @j / �
�
@33.��/

�1.@3 /
2
C @3.@3 /

2
�
:

(4.2)

As divu D 0, by Lemma 2.4, Lemma 2.7, and Lemma 3.1, one gets




�j�hk� 3X
i;jD1

@3.��/
�1Œ@iu

j @ju
i �
�



L1T .L

2/
. 2j



�j�hk.uiuj /

L1T .L2/
. dj;k2�

j
2 kruk2

L2T .H
1/
;
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whereas Lemma 2.7 and Lemma 4.3 ensure that


�j�hk� X
i or j¤3

@3.��/
�1@i@j Œ@i @j � �

2X
jD1

@j .@3 @j /
�



L1T .L

2/

. dj;k2�j.
1
2
�ı/2�kı

n
krh k

2

L2T .
PH1/
C krh k

2

L2T .
PH2/

C kr kzL1T .H2/

�
k lkL1T .B.5=2/�ı;1Cı/

C k hkL1T .B.1=2/�ı;2Cı/
�o
:

Finally, as @33.��/
�1.@3 /

2 C @3.@3 /
2 D ��h.��/

�1@3.@3 /
2, we get,

by applying Lemma 4.2, that

�j�hk�@33.��/�1.@3 /2 C @3.@3 /2�

L1T .L2/
. dj;k2�j.

1
2
�ı/2�kı

n
krh k

2

L2T .
PH1/
C krh k

2

L2T .
PH2/

C kr kzL1T .H2/

�
k lkL1T .B.5=2/�ı;1Cı/

C k hkL1T .B.1=2/�ı;2Cı/
�o
:

This completes the proof of Proposition 4.1. �

Thanks to Proposition 3.8, Proposition 4.1, and (B.2), we obtain the following
L1T .Lip.R3//-estimate for u3:

PROPOSITION 4.4. Under the assumptions of Proposition 4.1, if, in addition, we
assume that

(4.3) kr kzL1T .H2/
� xc0

for some xc0 sufficiently small, then for ı 2 .1
2
; 1/, there holds

kru3kL1T .L1/

� C
˚
ku30kH1 C kr 0kH2 C kruk2

L2T .H
5
2 /

C krh k
2

L2T .
PH s0 /
C krh k

2

L2T .
PH3/

	
for s0 2 .12 ; ı/:

(4.4)

PROOF. Note that j � k�N0 for some fixed integerN0 in the operator�j�hk;
for ı 2 .1

2
; 1/, one deduces from Lemma 2.7 that

kru3kL1T .L1/
.

X
j;k2Z2

2j


�j�hku3

L1T .L1/

.
X

j;k2Z2

2
3j
2 2k



�j�hku3

L1T .L2/
.

X
j;k2Z2

2j.
5
2
�ı/2kı



�j�hku3

L1T .L2/ . ku3kL1T .B.5=2/�ı;ı/;
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whereas for s0 2 .12 ; ı/, it follows from the classical interpolation inequality in
Sobolev spaces that

krh k
2

L2T .
PH1/
C krh k

2

L2T .
PH2/
. krh k2L2T . PH s0 /

C krh k
2

L2T .
PH3/
:

Consequently, thanks to (4.1) and (B.2), we get by taking �0 D 5
2
� ı in (3.14) that

kru3kL1
T
.L1/ C ku

3
kL1
T
.B.5=2/�ı;ı/ C k lkL1

T
.B.5=2/�ı;1Cı/ C k hkL1

T
.B.1=2/�ı;2Cı/

C ku3kzL1
T
.B3=2;ı
1;1

/
C k lkzL1

T
.B3=2;1Cı
1;1

/
C k hkzL1

T
.B�1=2;2Cı
1;1

/

. ku30kH1 C kr 0kH2 C kruk
2

L2
T
.H

5
2 /
C krh k

2

L2
T
. PH s0 /

C krh k
2

L2
T
. PH3/

C kr kzL1
T
.H2/

�
ku3kL1

T
.B.5=2/�ı;ı/ C ku

3
kzL1

T
.B3=2;ı
1;1

/
C k lkL1

T
.B.5=2/�ı;1Cı/

C k hkL1
T
.B.1=2/�ı;2Cı/ C k lkzL1

T
.B3=2;1Cı
1;1

/
C k hkzL1

T
.B�1=2;2Cı
1;1

/

�
:

The latter and (4.3) lead to

kru3kL1T .L1/
C ku3kL1T .B.5=2/�ı;ı/

C k lkL1T .B.5=2/�ı;1Cı/
C k hkL1T .B.1=2/�ı;2Cı/

C ku3kzL1T .B
3=2;ı
1;1 /

C k lkzL1T .B
3=2;1Cı
1;1 /

C k hkzL1T .B
�1=2;2Cı
1;1 /

� C
˚
ku30kH1 C kr 0kH2 C kruk2

L2T .H
5
2 /

C krh k
2

L2T .
PH s0 /
C krh k

2

L2T .
PH3/

	
;

which in particular yields (4.4). The conclusion of the proposition follows. �

4.2 Dissipative Estimate of rh 

The proof of the decay estimates of rh is based crucially on the following
lemmas:

LEMMA 4.5. Let  ; u D .uh; u3/ be the unique local smooth solution of (1.9) on
Œ0; T �/. Then for s > �3

2
and T < T �, there holdsZ T

0

j.@�j .u � r / j @�j /jdt

. c2j 2
�2js

˚
kr k2

zL1T .
PH s/
kru3kL1T .L1/

C
�
k kzL1T . PB

3=2
2;1 /
C kr kzL1T . PH s/

�
�
�
kuk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /
C kruk2

L2T .
PH s/
C krh k

2

L2T .
PH1Cs/

�	
:

Here and in what follows, we shall always denote by .cj /j2Z a generic element of
`2.Z/ so that

P
j2Z c

2
j D 1, and @ means @x1 , @x2 , or @x3 .

We shall postpone the proof of Lemma 4.5 to Appendix B. Indeed, the proof of
Lemma 4.5 also yields the following corollary:
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COROLLARY 4.6. Under the assumptions of Lemma 4.5, one has

Z T

0

ˇ̌�
@�j .u � r /

ˇ̌
@�j 

�ˇ̌
dt

. c2j 2
�2js

n
kr k2

zL1T .
PH s/
kru3kL1T .L1/

C
�
k@3 kzL1T . PB

3=2
2;1 /
C kr kzL1T . PH s/

�
�
�
kruk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /
C kruk2

L2T .
PH s/
C krh k

2

L2T .
PH s/

�o
:

PROOF. The proof of this corollary follows the same line of argument as that
in the proof of Lemma 4.5. We only need to modify the estimates involving
krh k PH1Cs . We first use a similar commutator process as in (B.4) to obtain that

Z T

0

ˇ̌�
@�j .Tur /

ˇ̌
@�j 

�ˇ̌
dt

. c2j 2
�2js

�
kruhkL2T .L1/

krh kL2T . PH s/
kr kzL1T . PH s/

C kru3kL1T .L1/
kr k2

zL1T .
PH s/

�
;

(4.5)

while it follows from (B.8) and (B.9) that

Z T

0

ˇ̌�
@�j .T@3 u

3/
ˇ̌
@�j 

�ˇ̌
dt

. c2j 2
�2js

�
kr kzL1T . PH s/

krh kL2T .L1/

C k@3 kL1T .L1/krh kL2T . PH s/

�
kruk

L2T .
PH s/

and

Z T

0

ˇ̌�
@�j .R.u

3; @3 //
ˇ̌
@�j 

�ˇ̌
dt .

c2j 2
�2js
kr kzL1T . PH s/

kruk
L2T .

PH
3
2 /
krh kL2T . PH s/

:

This completes the proof of Corollary 4.4. �
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LEMMA 4.7. Under the assumptions of Lemma 4.5 and for s > �2, one hasZ T

0

ˇ̌�
��j .u � r /

ˇ̌
��j 

�ˇ̌
dt

. c2j 2
�2js

n
kr k2

zL1T .
PH1Cs/

kru3kL1T .L1/

C
�
k@3 kzL1. PB3=22;1 /

C kr kzL1T . PH1Cs/

�
�
�
kruhk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /

C kruk2
L2T .

PH1Cs/
C krh k

2
zL2T .

PH1Cs/

�o
:

We shall present the proof of Lemma 4.7 in Appendix B.
With Lemma 4.5 to Lemma 4.7, we can prove the following proposition con-

cerning the decay estimates of rh .

PROPOSITION 4.8. Let  ; u D .uh; u3/ be the unique local smooth solution of
(1.9) on Œ0; T �/. Then there exists a positive constant c such that for any s > �1

2
and T < T �, there holds

ku3k2
zL1T .

PH s/
C krh k

2
zL1T .

PH s/
C krh k

2
zL1T .

PH1Cs/

C c
�
kru3k2

L2T .
PH s/
C krh k

2

L2T .
PH1Cs/

�
� ku0k

2
PH s
C krh 0k

2
PH s
C kr 0k

2
PH1Cs

C C
n�
kr k2

zL1T .
PH s/
C kr k2

zL1T .
PH1Cs/

�
kru3kL1T .L1/

C
�
kr kzL1T .H2/

C ku3kzL1T . PH s/
C kr kzL1T . PH s/

C kr kzL1T . PH1Cs/

�
�
�
kruk2

L2T .H
2/
C krh k

2
zL2T .
PB
3=2
2;1 /
C kruk2

L2T .
PH s/

C kruk2
L2T .

PH1Cs/
C krh k

2

L2T .
PH1Cs/

�o
:

PROOF. From (1.9), we obtain, by a similar derivation of (3.6), that

d

dt

�
1

2

�
k�ju

3.t/k2
L2
C krh�j .t/k

2
L2
C
1

4
k��j .t/k

2
L2

�
C
1

4

�
�ju

3
ˇ̌
��j 

��
C
3

4
kr�ju

3.t/k2
L2
C
1

4
krhr�j k

2
L2

D �.�j .u � ru
3/ j �ju

3/ � .rh�j j rh�j .u � r //

�
1

4
.�j .u � ru

3/ j ��j / �
1

4
.�ju

3
j ��j .u � r //

�
1

4
.��j .u � r / j ��j /C

�
�jf

v
j �ju

3
C
1

4
��j 

�
:

(4.6)
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Applying the standard product laws in Besov spaces, we obtain

ku � ru3k
L1T .

PH s/
. kukzL2T . PB3=22;1 /

kruk
L2T .

PH s/

ku � r k
L2T .

PH1Cs/
. kukzL2T . PB3=22;1 /

kr kzL1T . PH1Cs/

C kr kzL1T . PB
3=2
2;1 /
kruk

L2T .
PH s/

for s > �3
2

. We hence deduceZ T

0

ˇ̌�
�j .u � ru

3/
ˇ̌
�ju

3
�ˇ̌
dt

. c2j 2
�2js
ku3kzL1T . PH s/

kukzL2T . PB
3=2
2;1 /
kruk

L2T .
PH s/
;

Z T

0

ˇ̌�
�j .u � ru

3/
ˇ̌
��j 

�ˇ̌
dt

. c2j 2
�2js
kr kzL1T . PH1Cs/

kukzL2T . PB
3=2
2;1 /
kruk

L2T .
PH s/
;

Z T

0

ˇ̌�
�ju

3
ˇ̌
��j .u � r /

�ˇ̌
dt

. c2j 2
�2js
kru3k

L2T .
PH s/

�
�
kukzL2T . PB

3=2
2;1 /
kr kzL1T . PH1Cs/

C kr kzL1T . PB
3=2
2;1 /
kruk

L2T .
PH s/

�
:

(4.7)

Next let us turn to the last term in (4.6). By divu D 0, one has

3X
i;mD1

Z T

0

ˇ̌̌̌�
�j @3.��/

�1Œ@iu
m@mu

i �

ˇ̌̌̌
1

4
��j C�ju

3

�ˇ̌̌̌
dt

. k�j .u � ru/kL1T .L2/
�
k��j kL1T .L2/

C k�ju
3
kL1T .L

2/

�
. c2j 2

�2js
kukzL2T . PB

3=2
2;1 /
kruk

L2T .
PH s/

�
kr kzL1T . PH1Cs/

C ku3kzL1T . PH s/

�
:

Using integration by parts and product laws in Sobolev spaces, one further deduces
that X

i or m¤3

Z T

0

ˇ̌�
�j @3.��/

�1@i@mŒ@i @m �
ˇ̌
��j 

�ˇ̌
dt

. c2j 2
�2js
kr rh kL2T . PH1Cs/

krh kL2T . PH1Cs/

. c2j 2
�2js

�
kr kzL1T . PB

3=2
2;1 /
krh kL2T . PH1Cs/

C kr kzL1T . PH1Cs/
krh kzL2T . PB

3=2
2;1 /

�
krh kL2T . PH1Cs/

:
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The same estimate holds for
R T
0 j.�j divh.@3 rh / j ��j /jdt . In the same

manner, we haveZ T

0

ˇ̌�
�j @3.��/

�1�hŒ@3 �
2
ˇ̌
��j 

�ˇ̌
dt

D

Z T

0

ˇ̌�
�jrhŒ@3 �

2
j �jrh@3 

�ˇ̌
dt

. c2j 2
�2js
k@3 rh@3 kL2T . PH s/

krh@3 kL2T . PH s/

. c2j 2
�2js

�
k@3 kzL1T . PB

3=2
2;1 /
krh kL2T . PH1Cs/

C krh kzL2T . PB
3=2
2;1 /
k@3 kzL1T . PH1Cs/

�
krh kL2T . PH1Cs/

:

Notice that for s > �1
2

, we have from Bony’s decomposition

(4.8) kr rrh kL2T . PH s�1/
C kr rh kL2T . PH s/

.

k kzL1T . PB
3=2
2;1 /
krh kL2T . PH1Cs/

C kr kzL1T . PH s/
krh kzL2T . PB

3=2
2;1 /

:

Consequently, one hasZ T

0

j.�j .��/
�1�h@3.@3 /

2
j �ju

3/jdt

. c2j 2
�2js

�
k kzL1T . PB

3=2
2;1 /
krh kL2T . PH1Cs/

C kr kzL1T . PH s/
krh kzL2T . PB

3=2
2;1 /

�
kru3k

L2T .
PH s/
:

The same estimate holds for

X
i or m¤3

Z T

0

j.�j @3.��/
�1@i@mŒ@i @m � j �ju

3/jdt

and
R T
0 j.�j divh.@3 rh / j �ju3/jdt . We thus deduce from (4.2) thatZ T

0

ˇ̌�
�jf

v
ˇ̌ 1
4
��j C�ju

3
�ˇ̌
dt

. c2j 2
�2js

�
k kzL1

T
. PB
3=2
2;1

/
C kr kzL1

T
. PB
3=2
2;1

/
C kr kzL1

T
. PH s/

C kr kzL1
T
. PH1Cs/ C ku

3
kzL1

T
. PH s/

�
�
�
krh k

2
zL2
T
. PB
3=2
2;1

/
C kuk2

zL2
T
. PB
3=2
2;1

/
C krh k

2

L2
T
. PH1Cs/

C krukL2
T
. PH s/

�
:

(4.9)
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Finally, by Lemma 2.7, Lemma 4.5, Lemma 4.7, (3.7), and (4.6) to (4.9), we
conclude that

k�ju
3
k
2
L1T .L

2/
C krh�j k

2
L1T .L

2/
C k��j k

2
L1T .L

2/

C c22j
�
k�ju

3
k
2
L2T .L

2/
C krh kL2T .L2/

�
� k�ju

3
0k
2
L2
C krh�j 0k

2
L2
C k��j 0k

2
L2

C Cc2j 2
�2js

n�
kr k2

zL1T .
PH s/
C kr k2

zL1T .
PH1Cs/

�
kru3kL1T .L1/

C
�
k kzL1T . PB

3=2
2;1 /
C ku3kzL1T . PH s/

C kr kzL1T . PB
3=2
2;1 /

C kr kzL1T . PH s/
C kr kzL1T . PH1Cs/

�
�
�
kuk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /
C kruk2

zL2T .
PB
3=2
2;1 /
C krh k

2

L2T .
PH1Cs/

C kruk2
L2T .

PH s/
C kruk2

L2T .
PH1Cs/

�o
:

Multiplying the above inequality by 22js , summing up j over Z, and then making
use of the fact that

kak PB3=22;1

. krakH1 ;

we can complete the proof of Proposition 4.8. �

Remark 4.9. By using the commutators estimates in the appendix of [8], one can
get the following more precise estimate:Z T

0

ˇ̌�
�j .u � ru

3/
ˇ̌
��j 

�
C
�
�ju

3
ˇ̌
��j .u � r /

�ˇ̌
dt

. c2j 2
�2js

�
krukzL2T . PB

3=2
2;1 /
kr kzL1T . PH s/

C kr kzL1. PB3=22;1 /
kruk

L2T .
PH s/

�
kru3k

L2T .
PH s/
:

As we shall not use this estimate in this paper, we won’t present the details here.

Remark 4.10. Let f D .f h; f v/ be given by (1.10); we deduce by a similar proof
of (4.9) thatZ T

0

j.�jf j �ju/jdt

. c2j 2
�2js

�
k kzL1

T
. PB
3=2
2;1

/
C kr kzL1

T
. PH s/ C kukzL1

T
. PH s/

�
�
�
kuk2

zL2
T
. PB
3=2
2;1

/
C krh k

2
zL2
T
. PB
3=2
2;1

/
C krh k

2

L2
T
. PH1Cs/

C kruk2
L2
T
. PH s/

�
:

(4.10)
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On the other hand, instead of (4.8), the standard product laws in Sobolev spaces
also ensure that

kr rrh kL2T . PH s�1/
C kr rh kL2T . PH s/

.

kr kzL1T . PB
3=2
2;1 /
krh kL2T . PH s/

C kr kzL1T . PH s/
krh kzL2T . PB

3=2
2;1 /

;

which gives rise toZ T

0

j.�j .��/
�1�h@3.@3 /

2
j �ju

3/jdt

. c2j 2
�2js

�
kr kzL1T . PB

3=2
2;1 /
krh kL2T . PH s/

C krh kzL2T . PB
3=2
2;1 /
kr kzL1T . PH s/

�
kru3k

L2T .
PH s/
:

The same estimate holds forX
i or m¤3

Z T

0

j.�j @3.��/
�1@i@mŒ@i @m � j �ju

3/jdt

and
R T
0 j.�j divh.@3 rh / j �ju3/jdt . As a consequence, we infer from (4.2)

that Z T

0

j.�jf
v
j �ju

3/jdt

. c2j 2
�2js

�
kr kzL1

T
. PB
3=2
2;1

/
C kr kzL1

T
. PH s/ C ku

3
kzL1

T
. PH s/

�
�
�
kuk2

zL2
T
. PB
3=2
2;1

/
C krh k

2
zL2
T
. PB
3=2
2;1

/
C krh k

2

L2
T
. PH s/
C kruk2

L2
T
. PH s/

�
:

(4.11)

It is easy to observe from the definition of f h given by (1.10) that a similar estimate
to (4.11) also holds for

R T
0 j.�jf

h j �ju
h/jdt .

4.3 Proof of Theorem 1.1
With the previous preparations, we are ready to complete the proof of Theorem

1.1. As discussed at the beginning of this section, let  ; u be the unique local
smooth solution of (1.9) on Œ0; T �/; it suffices to show T � D 1 provided that
there holds (1.11) for some sufficiently small c0. For this purpose, we show first,
by using a similar derivation as that of (3.3) from the uh-equation of (1.9), that

1

2

d

dt
k�ju

h.t/k2
L2
C kr�ju

h
k
2
L2
� .rh@3�j j �ju

h
�
D

� .�j .u � ru
h/ j �ju

h/C
�
�jf

h
ˇ̌
�ju

h
�
:
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By divu D 0 and the  -equation of (1.9), we have

�.rh@3�j j �ju
h/ D .@3�j j �j divh u

h
�

D �.@3�j j �j @3u
3/

D
1

2

d

dt
k�j @3 .t/k

2
L2
C .�j @3 j �j @3.u � r //;

which implies that

1

2

d

dt
.k�ju

h.t/k2
L2
C k�j @3 .t/k

2
L2
/C kr�ju

h
k
2
L2
D

� .�j .u � ru
h/ j �ju

h/ � .�j @3 j �j @3.u � r //C .�jf
h
j �ju

h/:

In the same manner, we deduce from the  - and u3-equations of (1.9) that

1

2

d

dt

�
k�ju

3.t/k2
L2
C k�jrh .t/k

2
L2

�
C kr�ju

3
k
2
L2
D

� .�j .u � ru
3/ j �ju

3/ � .�jrh j �jrh.u � r //C .�jf
v
j �ju

3/:

As a consequence, we obtain

(4.12)
1

2

d

dt

�
k�ju.t/k

2
L2
C k�jr .t/k

2
L2

�
C kr�juk

2
L2
D

� .�j .u � ru/ j �ju/ � .�jr j �jr.u � r //C .�jf j �ju/

for f D .f h; f v/ given by (1.10).
Thanks to Lemma 4.5, (4.7), and (4.10), we infer from (4.12) that

k�juk
2
L1T .L

2/
C k�jr k

2
L1T .L

2/
C k�jruk

2

L2T .L
2/

� k�ju0k
2
L2
C kr 0k

2
L2

C Cc2j 2
�2js

n
kr k2

zL1T .
PH s/
kru3kL1T .L1/

C
�
kukzL1T . PH s/

C k kzL1T . PB
3=2
2;1 /
C kr kzL1T . PH s/

�
�
�
kuk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /

C kruk2
L2T .

PH s/
C krh k

2

L2T .
PH1Cs/

�o
(4.13)
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for s > �1
2

and T < T �, while it follows from Corollary 4.6, (4.7), and (4.11) that
for s > �1

2

k�juk
2
L1T .L

2/
C k�jr k

2
L1T .L

2/
C k�jruk

2
L2T .L

2/

� k�ju0k
2
L2
C kr 0k

2
L2

C Cc2j 2
�2j.1Cs/

n
kr k2

zL1T .
PH1Cs/

kru3kL1T .L1/

C
�
kukzL1T . PH1Cs/

C k@3 kzL1T . PB
3=2
2;1 /
C kr kzL1T . PH1Cs/

�
�
�
kuk2

zL2T .B
3=2/
C kruk2

zL2T .
PB
3=2
2;1 /
C krh k

2
zL2T .
PB
3=2
2;1 /

C kruk2
L2T .

PH1Cs/
C krh k

2

L2T .
PH1Cs/

�o
:

(4.14)

Combining (4.13) with (4.14) and summing up the resulting inequality for j
over Z, we arrive at

kuk2
zL1
T
. PH s/
C kuk2

zL1
T
. PH1Cs/

C kr k2
zL1
T
. PH s/
C kr k2

zL1
T
. PH1Cs/

C kruk2
L2
T
. PH s/
C kruk2

L2
T
. PH1Cs/

� ku0k
2
PH s
C ku0k

2
PH1Cs
C kr 0k

2
PH s
C kr 0k

2
PH1Cs

C C
n�
kr k2

zL1
T
. PH s/
C kr k2

zL1
T
. PH1Cs/

�
kru3kL1

T
.L1/

C
�
k kzL1

T
. PB
3=2
2;1

/
C k@3 kzL1

T
. PB
3=2
2;1

/
C kukzL1

T
. PH s/ C kukzL1

T
. PH1Cs/

C kr kzL1
T
. PH s/ C kr kzL1

T
. PH1Cs/

�
�
�
kuk2

zL2
T
. PB
3=2
2;1

/
C kruk2

zL2
T
. PB
3=2
2;1

/
C krh k

2
zL2
T
. PB
3=2
2;1

/
C kruk2

L2
T
. PH s/

C kruk2
L2
T
. PH1Cs/

C krh k
2

L2
T
. PH1Cs/

�o

(4.15)

for s > �1
2

and T < T �.
For xc0 sufficiently small, we define

zT
def
D maxfT < T � W kr kzL1T .H2/

� xc0g:

Then by (4.4), Proposition 4.8 and a simple interpolation inequalities in Sobolev
spaces, we obtain from (4.15) that

kuk2
zL1
T
. PH s/
C kuk2

zL1
T
. PH1Cs/

C kr k2
zL1
T
. PH s/
C kr k2

zL1
T
. PH1Cs/

(4.16)

C c
�
kruk2

L2
T
. PH s/
C kruk2

L2
T
. PH1Cs/

C krh k
2

L2
T
. PH1Cs/

�
� C

n
ku0k

2
PH s
C ku0k

2
PH1Cs
C kr 0k

2
PH s
C kr 0k

2
PH1Cs

C
�
kr k2

zL1
T
. PH s/
C kr k2

zL1
T
. PH1Cs/

��
ku30kH1 C kr 0kH2

�
C



34 F. LIN AND P. ZHANG

C
�
kr kzL1

T
.H2/ C kukzL1

T
. PH s/ C kukzL1

T
. PH1Cs/ C kr kzL1

T
. PH s/

C kr kzL1
T
. PH1Cs/ C kr k

2
zL1
T
. PH s/
C kr k2

zL1
T
. PH1Cs/

�
�
�
kruk2

L2
T
.H

5
2 /
C krh k

2

L2
T
. PH s0 /

C krh k
2

L2
T
. PH3/

C kruk2
L2
T
. PH s/
C kruk2

L2
T
. PH1Cs/

C krh k
2

L2
T
. PH1Cs/

�o
for s > �1

2
, s0 > 1

2
, and T < zT . In particular, we can assume that s1; s2 is given by

Theorem 1.1. By separately taking s D s1, s0 D 1C s1 >
1
2

, and s D s2 � 3 in (4.16)
and then summing the resulting inequalities, we conclude that�

kuk2
zL1
T
. PH s1 /

C kuk2
zL1
T
. PH s2 /

C kr k2
zL1
T
. PH s1 /

C kr k2
zL1
T
. PH s2 /

�
.1 � Cc0

�
C c

�
kruk2

L2
T
. PH s1 /

C kruk2
L2
T
. PH s2 /

C krh k
2

L2
T
. PH1Cs1 /

C krh k
2

L2
T
. PH s2 /

�
� C

n
ku0k

2
PH s1
C ku0k

2
PH s2
C kr 0k

2
PH s1
C kr 0k

2
PH s2

C
�
kukzL1

T
. PH s1 / C kukzL1

T
. PH s2 / C kr kzL1

T
. PH s1 /

C kr kzL1
T
. PH s2 / C kr k

2
zL1
T
. PH s1 /

C kr k2
zL1
T
. PH s2 /

�
�
�
krh k

2

L2
T
. PH1Cs1 /

C krh k
2

L2
T
. PH s2 /

C kruk2
L2
T
. PH s1 /

C kruk2
L2
T
. PH s2 /

�o

(4.17)

for any T < zT and c0 being given by (1.11).
Let us denote

xT
def
D max

˚
T � zT W kuk2

zL1
T
. PH s1 /

C kuk2
zL1
T
. PH s2 /

C kr k2
zL1
T
. PH s1 /

C kr k2
zL1
T
. PH s2 /

� 4C
�
ku0k

2
PH s1
C ku0k

2
PH s2
C kr 0k

2
PH s1
C kr 0k

2
PH s2

�	
:

(4.18)

If we take c0 in (1.11) is so small that c0 � xc0=4
p
C , we would have zT D xT . In what

follows, we shall prove that xT D T � D C1 provided that c0 in (1.11) is sufficiently
small. Indeed, if xT <1, (4.17) ensures that�

kuk2
zL1
T
. PH s1 /

C kuk2
zL1
T
. PH s2 /

C kr k2
zL1
T
. PH s1 /

C kr k2
zL1
T
. PH s2 /

�
.1 � Cc0

�
C .c � 6Cc0/

�
kruk2

L2
T
. PH s1 /

C kruk2
L2
T
. PH s2 /

C krh k
2

L2
T
. PH1Cs1 /

C krh k
2

L2
T
. PH s2 /

�
� C

�
ku0k

2
PH s1
C ku0k

2
PH s2
C kr 0k

2
PH s1
C kr 0k

2
PH s2

�
for t � xT :

In particular, if we take

c0 � min
�
1

2C
;
c

12C
;
xc0

4
p
C

�
;
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the above inequality ensures that

kuk2
zL1
T
. PH s1 /

C kuk2
zL1
T
. PH s2 /

C kr k2
zL1
T
. PH s1 /

C kr k2
zL1
T
. PH s2 /

C c
�
kruk2

L2
T
. PH s1 /

C kruk2
L2
T
. PH s2 /

C krh k
2

L2
T
. PH1Cs1 /

C krh k
2

L2
T
. PH s2 /

�
� 2C

�
ku0k

2
PH s1
C ku0k

2
PH s2
C kr 0k

2
PH s1
C kr 0k

2
PH s2

�
for t � xT :

(4.19)

This contradicts (4.18), and this in turn shows that xT D T � D 1. Moreover, it is
standard to deduce from (1.9) and (4.19) that r 2 C.Œ0;1/I PH s1.R3/\ PH s2.R3// and
u 2 C.Œ0;1/I PH s1.R3/ \ PH s2.R3// (see [1] for instance). This completes the proof of
Theorem 1.1. �

Appendix A Proofs of Lemmas 3.1, 3.2, and 3.5
In this appendix, we shall present the detailed proofs of the lemmas in Section 3.

PROOF OF LEMMA 3.1. Applying (2.8) and (2.9) we get first that

ab D .T CR/.T h CRh C xT h/.a; b/

D T T h.a; b/C TRh.a; b/C T xT h.a; b/

CRT h.a; b/CRRh.a; b/CR xT h.a; b/:

(A.1)

Considering the support properties of the Fourier transform of T T h.a; b/ and using (2.4),
we have

�j�hk.T T h.a; b//

L1

T
.L2/
.

X
jj 0�j j�4
jk0�kj�4



Sj 0�1Shk0�1a

L2
T
.L1/



�j 0�hk0b

L2
T
.L2/

:

Using Lemma 2.7 one has

Sj�1Shk�1a

L2
T
.L1/

.
X

j 0�j�2
k0�k�2

X
`�j 0CN0

2
`
2



�j 0�v`�hk0a

L2
T
.L1
h
.L2v//

.
X

j 0�j�2
k0�k�2

2
j 0

2 2k
0

�j 0�hk0a

L2

T
.L2/

.
X

j 0�j�2
k0�k�2

2
5j 0

4 2
k0

4



�j 0�hk0a

L2
T
.L2/
. 2

k
4 kakzL2

T
. PB
5=4
2;1

/
;

(A.2)

as j 0 � k0 �N0 for some fixed integer N0 in the operator �j 0�hk0 . The latter and Remark
2.6 lead to 

�j�hk.T T h.a; b//

L1

T
.L2/
. dj;k2�jskakzL2

T
. PB
5=4
2;1

/
kbkzL2

T
.Bs;1=4/:
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The same argument leads also to

�j�hk.R xT h.a; b//

L1
T
.L2/

.
X

j 0�j�N0
jk0�kj�4



�j 0�hk0a

L2
T
.L2/



Sj 0C2Shk0�1b

L2
T
.L1/

. dj;k2�jskakzL2
T
.Bs;1=4/kbkzL2

T
. PB
5=4
2;1

/
:

By a similar proof of (A.2) , one gets

Sj 0�1�hk0a

L2
T
.L2
h
.L1v //

. dk02�
3k0

4 kakzL2
T
.B1=2;3=4/;

which along with Lemma 2.7 ensures

�j�hk.TRh.a; b//

L1
T
.L2/

. 2k
X

jj 0�j j�4
k0�k�N0



Sj 0�1�hk0a

L2
T
.L2
h
.L1v //



�j 0 z�hk0b

L2
T
.L2/

. 2k
X

jj 0�j j�4
k0�k�N0

dj 0;k02
�j 0s2�k

0

kakzL2
T
.B1=2;3=4/kbkzL2

T
.Bs;1=4/

. dj;k2�jskakzL2
T
.B1=2;3=4/kbkzL2

T
.Bs;1=4/:

The same estimate holds for �j�hk.T xT
h.a; b//. Furthermore, applying Lemma 2.7 once

again, one obtains

�j�hk.RRh.a; b//

L1
T
.L2/

. 2k
X

j 0�j�N0
k0�k�N0

k�j 0�
h
k0akL2

T
.L2/kSj 0C2�

h
k0bkL2

T
.L2
h
.L1v //

. dj;k2�jskakzL2
T
.Bs;1=4/kbkzL2

T
.B1=2;3=4/:

The same estimate holds for �j�hk.RT
h.a; b//. This completes the proof of the Lemma.

�

PROOF OF LEMMA 3.2. As for (A.1), we apply (2.8) and (2.9) to obtain first that

(A.3) u � r D T T h.u;r /C TRh.u;r /CRT h.u;r /CRRh.u;r /:

By the support property of the Fourier transform of T T h.u � r /, for any " > 0 we get by
applying Lemma 2.7 and Remark 2.6 that

�j�hk.T T h.u;r //

L1

T
.L2/

.
X

jj 0�j j�4
jk0�kj�4



Sj 0�1Shk0�1u


L2
T
.L
2
"
h
.L1v //



�j 0�hk0r 


L2
T
.L

2
1�"
h

.L2v//

. dj;k2�js2�kkuk
zL2
T
. PB
3
2
�"

2;1
/
krh kzL2

T
.B1Cs;"/:
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It follows from the same line of argument that

�j�hk.RT h.u � r //

L1
T
.L2/

.
X

j 0�j�N0
jk0�kj�4

k�j 0S
h
k0�1ukL2

T
.L1
h
.L2v//
kSj 0C2�

h
k0r kL2

T
.L2
h
.L1v //

. dj;k2�js2�kkukzL2
T
.B1Cs;1=4/krh kzL2

T
.B1=2;3=4/:

For any ı 2 .0; 1/, Lemma 2.7 yields

kSj 0�1�
h
k0u

3
kL1
T
.L1/ .

X
`�j 0�2

2
3`
2 k�`�

h
k0u

3
kL1
T
.L2/

.
X

`�j 0�2
`�k0�N0

d`;k02
�`.1�ı/2�k

0ı
ku3kL1

T
.B.5=2/�ı;ı/

. dk02�k
0

ku3kL1
T
.B.5=2/�ı;ı/:

From the latter and by taking into consideration the time integrabilities of rh and @3 ,
we obtain, for any " > 0, that

�j�hk.TRh.u;r //




L1
T
.L2/

.
X

jj 0�j j�4
k0�k�N0

�

Sj 0�1�hk0uh

L2
T
.L2
h
.L1v //



�j 0Shk0C2rh 

L2
T
.L1
h
.L2v//

C


Sj 0�1�hk0u3

L1

T
.L1/



�j 0Shk0C2@3 

L1
T
.L2/

�
. dj;k2�js2�k

�
kukzL2

T
.B1=2;1C"/krh kzL2

T
.Bs;1�"/

C ku3kL1
T
.B.5=2/�ı;ı/k@3 kzL1

T
. PBs
2;1
/

�
:

Finally, as j � k �N0 in the operator �j�kk and s 2 .0; 3
2
�, we deduce from

�j�hku3

L1

T
.L2/
. dj;k2�

3j
2 2�kku3kL1

T
.B.5=2/�ı;ı/ 8ı 2 Œ0; 1�

that 

�j�hk.RRh.u;r //



L1
T
.L2/

.
X

j 0�j�N0
k0�k�N0

�

�j 0�hk0uh

L2
T
.L2/



Sj 0C2Shk0C2rh 

L2
T
.L1/

C


�j 0�hk0u3

L1

T
.L2/



Sj 0C2Shk0C2@3 

L1
T
.L1/

�
. dj;k2�js2�k

�
kuhkzL2

T
.Bs;1/krh kL2

T
. PB
3=2
2;1

/

C ku3kL1
T
.B.5=2/�ı;ı/k@3 kzL1

T
. PBs
2;1
/

�
:

Summing up the above estimates and using (2.6), we complete the proof of Lemma 3.2.
�
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PROOF OF LEMMA 3.5. Via Bony’s decomposition (2.8) and (2.9), we decompose u �
r as in (A.3). For ı 2 .1

2
; 1/, we split it as ı D 1

2
C "1 C "2 with "1; "2 > 0. Then it

follows from the proof of (A.2) that

Sj�1Shk�1u

L2
T
.L1/

. 2k.
1
2�"1/kuk

zL2
T
. PB
1C"1
2;1

/
:

From this and the support properties of the Fourier transform of T T h.u;r /, we deduce
that 

�j�hk.T T h.u � r //

L1

T
.L2/

.
X

jj 0�j j�4
jk0�kj�4



Sj 0�1Shk0�1u

L2
T
.L1/



�j 0�hk0r 

L2
T
.L2/

. dj;k2�j�02�kıkukzL2
T
. PB
1C"1
2;1

/
krh kL2

T
.B�0C1;"2 /:

(A.4)

To estimate TRh.u;r /, we first need to distinguish rh and @3 and then we use
their time integrabilities. Let "0 2 .0; .1 � ı/=2/; it is easy to check that



�j�hk.TRh.uh;rh //



L1
T
.L2/
.X

jj 0�j j�4
k0�k�N0



Sj 0�1�hk0uh

L2
T
.L
4=ı

h
.L1v //



�j 0Shk0C2rh 

L2
T
.L
4=.2�ı/

h
.L2v///

:

Applying Lemma 2.7, we get

Sj 0�1�hk0uh

L2
T
.L
4=ı

h
.L1v //

.
X

`�j 0�2
`�k0�N0

2
`
2 2k
0.1� ı2 /



�`�hk0uh

L2
T
.L2/

.
X

`�j 0�2

2`.1C"0/2k
0. 1�ı2 �"0/



�`�hk0uh

L2
T
.L2/

. dk0kuhkzL2
T
.B1C"0;.1�ı/=2�"0 /:

A similar argument yields

k�j 0S
h
k0C2rh kL2

T
.L
4=.2�ı/

h
.L2v///

. dj 02�j
0.�0Cı/krh kzL2.B�0Cı;ı=2/:

This leads to

(A.5)


�j�hk.TRh.uh;rh //




L1
T
.L2/
.

dj;k2
�j.�0Cı/kuhkzL2

T
.B1C"0;.1�ı/=2�"0 /krh kzL2

T
.B�0Cı;ı=2/;
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whereas Lemma 2.7 and (3.13) lead to

Sj 0�1�hk0u3

L1
T
.L1/

.
X
`�k0

2
3`
2



�`�hk0u3

L1
T
.L2/
C

X
k0�`�j 0�2

2
`
2 2k
0

�`�hk0u3

L1

T
.L2/

. dk02�k
0ı
n
2�

k0

2

X
`�k0

2
`
2 C 2

k0

2

X
k0�`

2�
`
2

o
ku3kzL1

T
.B1;.1=2/Cı
1;1

/

. dk02�k
0ı
ku3kzL1

T
.B1;.1=2/Cı
1;1

/
:

The latter implies

�j�hk.T xT h.u3; @3 //

L1
T
.L2/

.
X

jj 0�j j�4
jk0�kj�4



Sj 0�1�hk0u3

L1
T
.L1/



�j 0Shk0�1@3 

L1
T
.L2/

.
X

jj 0�j j�4
jk0�kj�4

dj 0dk02
�j 0�02�k

0ı
ku3kzL1

T
.B1;.1=2/Cı
1;1

/
k@3 kzL1

T
. PB
�0
2;1
/

. dj;k2�j�02�kıku3kzL1
T
.B1;.1=2/Cı
1;1

/
k@3 kzL1

T
. PB
�0
2;1
/
:

We then deduce, by a similar argument as for (A.4), that

�j�hk.TRh.u3; @3 //

L1
T
.L2/

.
X

jj 0�j j�4
k0�k�N0



Sj 0�1�hk0u3

L2
T
.L1/



�j 0 z�hk0@3 

L2
T
.L2/

. dj;k2�j�02�kıku3kzL2
T
. PB
1C"1
2;1

/
krh kzL2

T
.B�0C1;"2 /

for the same "1; "2 as in (A.4). As a consequence, we obtain

�j�hk.TRh.u3; @3 //



L1
T
.L2/

�


�j�hk.T xT h.u3; @3 //

L1

T
.L2/
C


�j�hk.TRh.u3; @3 //

L1

T
.L2/

. dj;k2�j�02�kı
˚
ku3kzL1

T
.B1;.1=2/Cı
1;1

/
k@3 kzL1

T
. PB
�0
2;1
/

C ku3k
zL2
T
. PB
1C"1
2;1

/
krh kzL2

T
.B�0C1;"2 /

	
:

(A.6)

Next, let "3 2 .0; 12 / and apply Lemma 2.7. We obtain

Sj 0C2�hk0r 


L2
T
.L

2
1�"3
h

.L1v //

. 2j
X

`�j 0C1

2
`
2 2k
0"3


�`�hk0 

L2

T
.L2/
.
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. 2j 2k0.
1
2�ıC"3/

X
`�j 0C1

2
`
2 2k
0.ı� 12 /



�`�hk0 

L2
T
.L2/

. dk02j 2�k
0. 12Cı�"3/krh kzL2

T
.B1=2;ı�

1
2 /

and 

�j 0Shk0�1u


L2
T
.L

2
"3
h
.L2v//

. dj 02�j
0.�0C1/2k

0. 12�"3/kuk
zL2
T
.B�0C1;

1
2 /
;

which gives rise to

�j�hk.RT h.u;r //

L1
T
.L2/

.
X

j 0�j�N0
jk0�kj�4



�j 0Shk0�1u

L2
T
.L
2="3
h

.L2v//



Sj 0C2�hk0r 

L2
T
.L
2=.1�"3/

h
.L1v //

. dj;k2�j�02�kıkukzL2
T
.B�0C1;

1
2 /
krh kzL2.B1=2;ı�

1
2 /
:

(A.7)

Finally, by the support properties of the Fourier transform of RRh.u �r / and the time
integrability of rh and @3 , we obtain

�j�hk.RRh.u;r //




L1
T
.L2/

.
X

j 0��N0
k0�k�N0

˚

�j 0�hk0uh

L2
T
.L2/



Sj 0C2Shk0C2rh 

L2
T
.L1/

C


�j 0�hk0u3

L1

T
.L2/



Sj 0C2Shk0C2@3 

L1
T
.L1/

	
. dj;k2�j�02�kı

�
kuhkzL2

T
.B�0;ı/krh kL2T .L1/

C ku3kL1
T
.B.5=2/�ı;ı/k@3 kzL1

T
. PB
�0Cı�1

2;1
/

�
;

(A.8)

where we used the fact that �0 2 Œ32 ;
5
2
� ı� so that �0 C ı � 1 � 3

2
and

Sj 0C2Shk0C2@3 

L1

T
.L1/

. 2j.
5
2�ı��0/k@3 kzL1

T
. PB
�0Cı�1

2;1
/
:

Combining (A.4)–(A.8), we arrive at

�j�hk.u � r /

L1
T
.L2/

. dj;k2�j�02�kı
n
kruk

L2
T
.H

5
2 /

�
krh k

L2
T
.B1=2;ı�

1
2 /
C krh kL2

T
. PB
3=2
2;1

/

C krh k
L2
T
.B�0Cı;

ı
2 /
C krh kL2

T
.B�0C1;"2 /

�
C
�
ku3kzL1

T
.B1;.1=2/Cı
1;1

/
C ku3kL1

T
.B.5=2/�ı;ı/

�
kr kzL1

T
.H2/

o
:

From the latter and (2.6), we conclude the proof of the lemma. �

Appendix B Proofs of Lemmas 4.2, 4.3, 4.5, and 4.7
The proof of Proposition 4.1 is complete provided that we present the proof of Lemma

4.2 and Lemma 4.3, which we give now.
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PROOF OF LEMMA 4.2. By applying Bony’s decomposition (2.8) and (2.9), we see
that

@3 rh@3 D T T
h.@3 ;rh@3 /C TRh.@3 ;rh@3 /

CRT h.@3 ;rh@3 /CRRh.@3 ;rh@3 /

C xT T h.@3 ;rh@3 /C xTRh.@3 ;rh@3 /:

(B.1)

Considering the support property of the Fourier transform of T T h.@3 ;rh@3 / and tak-
ing into account the different regularity assumptions of  l and  h, we get, by applying
Lemma 2.7, that

�j�hk divh.��/�1@3.RT h.@3 ;rh@3 //




L1
T
.L2/

. 2�
j
2 2k

X
j 0�j�N0
jk0�kj�4



�j 0Shk0�1@3 

L1
T
.L1
h
.L2v//

�
�

z�j 0�hk0rh@3 l




L1
T
.L2/
C


z�j 0�hk0rh@3 h




L1
T
.L2/

�
:

From this and Definition 2.3, we conclude

�j�hk divh.��/�1@3.RT h.@3 ;rh@3 //



L1
T
.L2/

. 2
j
2

X
j 0�j�N0
jk0�kj�4

dj 0;k02
j 0.1�ı/2�k

0ı
�
k@3 k

zL1. PB
1
2
2;1
/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkL1

T
.B.1=2/�ı;2Cı/

�
. dj;k2�j.

1
2�ı/2�kı

�
k@3 kzL1. PB1=2

2;1
/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkL1

T
.B.1=2/�ı;2Cı/

�
:

Following the same line of argument, we have

�j�hk divh.��/�1@3.T T h.@3 ;rh@3 //



L1
T
.L2/

. 2�j 2k
X

jj 0�j j�4
jk0�kj�4



Sj 0�1Shk0�1@3 

L1
T
.L1/



�j 0�hk0rh@3 

L1
T
.L2/

. dj;k2�j.
1
2�ı/2�kı

�
k@3 kzL1. PB1=2

2;1
/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkL1

T
.B.1=2/�ı;2Cı/

�
;

and 

�j�hk divh.��/�1@3. xT T h.@3 ;rh@3 //



L1
T
.L2/

.
X

jj 0�j j�4
jk0�kj�4

k�j 0S
h
k0�1@3 kL1T .L2/



Sj 0�1�hk0rh@3 

L1
T
.L1/

.
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. dj;k2�j.
1
2�ı/2�kı

�
k@3 k

zL1. PB
1
2
2;1
/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkL1

T
.B.1=2/�ı;2Cı/

�
:

Next, by applying Lemma 2.7 once again and using the fact that ı 2 .1
2
; 1/, one gets

�j�hk divh.��/�1@3.RRh.@3 ;rh@3 //




L1
T
.L2/

. 2�
j
2 2k

X
j 0�j�N0
k0�k�N0



�j 0�hk0@3 

L2
T
.L2/



z�j 0Shk0C2rh@3 

L2
T
.L1
h
.L2v//

. 2�
j
2 2k

X
j 0�j�N0
k0�k�N0

2�k
0

�j 0�hk0rh@3 

L2

T
.L2/



z�j 0Shk0C2rh@3 

L2
T
.L1
h
.L2v//

;

which along with Definition 2.3 ensures that

�j�hk divh.��/�1@3.RRh.@3 ;rh@3 //



L1
T
.L2/

. 2
j
2

X
j 0�j�N0
k0�k�N0

dj 0;k02
�j 0.1�ı/2�k

0ı
krh kzL2

T
.B2�ı;ı=2/krh kzL2

T
.B1;ı=2/

. dj;k2�j.
1
2�ı/2�kıkrh kzL2

T
.B2�ı;ı=2/krh kzL2

T
.B1;ı=2/:

Similarly, we have

�j�hk divh.��/�1@3.TRh.@3 ;rh@3 //



L1
T
.L2/

.
X

jj 0�j j�4
k0�k�N0



Sj 0�1�hk0@3 

L2
T
.L2
h
.L1v //



�j 0Shk0C2rh@3 

L2
T
.L1
h
.L2v//

. dj;k2�j.
1
2�ı/2�kıkrh kzL2

T
.B2�ı;ı=2/krh kzL2

T
.B1;ı=2/:

The same estimate holds for divh.��/�1@3. xTRh.@3 ;rh@3 //. We thus conclude the
proof via Lemma 2.4. �

Remark B.1. It is easy to see from the proof of Lemma 4.2, under the assumptions of
Proposition 4.1, that

�j�hk�h.��/�1@3.@3 /2

L1

T
.L2/

. c2k2
j
2 2�kı

˚�
k@3 kzL1

T
. PB
1=2
2;1

/
k lkzL1

T
.B3=2;1Cı
1;1

/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkzL1

T
.B�1=2;2Cı
1;1

/

�
C krh k

2
zL2
T
.B1;ı=2/

	
:

PROOF OF LEMMA 4.3. Similarly to (B.1), we apply Bony’s decomposition (2.8) and
(2.9) to get that

@3 @h D T T
h.@3 ; @h /C TRh.@3 ; @h /CRT

h.@3 ; @h /

CRRh.@3 ; @h /C xT T
h.@3 ; @h /C xTRh.@3 ; @h /:
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Considering the different regularity assumptions of  l and  h given by (3.12) and apply-
ing Lemma 2.7, we obtain

�j�hk.RT h.@3 ; @h //

L1

T
.L2/

. 2
j
2

X
j 0�j�N0
jk0�kj�4



�j 0Shk0�1@3 

L1
T
.L1
h
.L2v//

�

z�j 0�hk0@h l




L1
T
.L2/

C


z�j 0�hk0@h h




L1
T
.L2/

�
. dj;k2�j.

1
2�ı/2�k.1Cı/

�
k@3 k

zL1
T
. PB
1
2
2;1
/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 hkzL1
T
. PB
3=2
2;1

/
k kL1

T
.B.1=2/�ı;2Cı/

�
:

In the same way, we can get

�j�hk. xT T h.@3 ; @h //

L1
T
.L2/

.
X

jj 0�j j�4
jk0�kj�4

�

�j 0Shk0�1@3 

L1
T
.L2/



Sj 0�1�hk0@h l




L1
T
.L1/

C


�j 0Shk0�1@3 

L1

T
.L1/



Sj 0�1�hk0@h h




L1
T
.L2/

�
. dj;k2�j.

1
2�ı/2�k.1Cı/

�
k@3 kzL1

T
. PB
1=2
2;1

/
k lkL1

T
.B.5=2/�ı;1Cı/

C k@3 hkzL1
T
. PB
3=2
2;1

/
k kL1

T
.B.1=2/�ı;2Cı/

�
:

The same estimate holds for T T h.@3 ; @h /.
Next, by Lemma 2.7, we obtain

�j�hk.RRh.@3 ; @h //




L1
T
.L2/

. 2
j
2

X
j 0�j�N0
k0�k�N0

2j 2�k


�j 0�hk0rh 

L1

T
.L2//



z�j 0Shk0C2@h 

L1
T
.L1
h
.L2v//

. dj;k2�j.
1
2�ı/2�k.1Cı/krh kL2

T
.B.3=2/�ı;ı/krh kzL2

T
.B1=2;1/:

It follows from the same line of the proof that

�j�hk.TRh.@3 ; @h //



L1
T
.L2/

.
X

jj 0�j j�4
k0�k�N0

2j
0

2�k
0

Sj 0�1�hk0rh 

L2

T
.L2
h
.L1v ///



�j 0Shk0C2@h 

L2
T
.L1
h
.L2v//

. dj;k2�j.
1
2�ı/2�k.1Cı/krh kzL2

T
.B1=2;1/krh kL2T .B.3=2/�ı;ı/

:

One derives the same estimate for the term xTRh.@3 ; @h //.
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We consequently arrive at

�j�hk.@3 ; @h /

L1
T
.L2/

. dj;k2�j.
1
2�ı/2�k.1Cı/

˚
krh kzL2

T
.B.3=2/�ı;ı/krh kL2T .B1=2;1/

C k@3 kzL1
T
. PB
1=2
2;1

/
k lkL1

T
.B.1=2/�ı;2Cı/ C k@3 kzL1

T
. PB
3=2
2;1

/
k hkL1

T
.B.1=2/�ı;2Cı/

	
;

which along with Lemma 2.4 leads to Lemma 4.3. �

Remark B.2. By a similar proof to that for Lemma 4.3, we have

�j�hk.@3 @h /

L1
T
.L2/

. dk2
j
2 2�k.1Cı/

˚
krh kL2

T
.B1=2;ı/krh kL2

T
.B1=2;1/

C k@3 kzL1
T
. PB
1=2
2;1

/
k lkzL1

T
.B3=2;1Cı
1;1

/

C k@3 kzL1
T
. PB
3=2
2;1

/
k hkzL1

T
.B�1=2;2Cı
1;1

/

	
:

Remark B.3. With Remarks B.1 and B.2 , we can conclude from the proof of Proposition
4.1 that

kf vkzL1
T
.B�1=2;ı
1;1

/
. kruk2

L2
T
.H1/
C krh k

2

L2
T
. PH1/
C krh k

2

L2
T
. PH2/

C kr kzL1
T
.H2/

�
k lkzL1

T
.B3=2;1Cı
1;1

/
C k hkzL1

T
.B�1=2;2Cı
1;1

/

�(B.2)

for any T < T �.

Finally, let us turn to the proof of Lemma 4.5 and Lemma 4.7, which have been used in
the proof of Proposition 4.8.

PROOF OF LEMMA 4.5. Using Bony’s decomposition (2.8), we see that

u � r D Tur C Tr uCR.u;r /:

We shall deal with uh � rh and u3@3 separately using various time integrabilities of
rh and @3 . First, one observes that

k�j .Tuhrh /kL1
T
.L2/ .

X
jj 0�j j�4

kSj 0�1u
h
kL2
T
.L1/k�jrh kL2

T
.L2/

. cj 2�j.sC1/kuhkL2
T
.L1/krh kL2

T
. PH1Cs/

and

k�j .Trh u
h/kL1

T
.L2/ .

X
jj 0�j j�4

kSj 0�1rh kL2
T
.L1/k�ju

h
kL2
T
.L2/

. cj 2�j.sC1/krh kL2
T
.L1/kru

h
kL2
T
. PH s/:

For s > �5
2

, Lemma 2.7 implies

k�j .R.u
h;rh //kL1

T
.L2/ . 2

3j
2

X
j 0�j�N0

k�j 0u
h
kL2
T
.L2/k

z�j 0rh kL2
T
.L2/

. cj 2�j.sC1/kuhkL2
T
. PH3=2/krh kL2

T
. PH1Cs/:
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As a consequence, we obtainZ T

0

ˇ̌�
@�j .u

h
� rh /

ˇ̌
@�j 

�ˇ̌
dt

. c2j 2
�2js

�
kuhkzL2

T
. PB
3=2
2;1

/
krh kL2

T
. PH1Cs/

C krukL2
T
. PH s/krh kzL2

T
. PB
3=2
2;1

/

�
kr kzL1

T
. PH s/:

(B.3)

Let us turn to the estimate of .@�j .u3@3 / j @�j /. By a standard commutator pro-
cess (see [1] for instance), one writes

.@�j .Tu3@3 / j @�j /

D

X
jj 0�j j�4

˚�
Œ@�j ISj 0�1u

3�@3�j 0 j @�j 
�

C
�
ŒSj 0�1u

3
� Sj�1u

3�@�j @3�j 0 /
ˇ̌
@�j 

�	
C .Sj�1u

3@3�j @ j @�j /:

(B.4)

The classical commutator estimates (see [1] for instance) imply thatX
jj 0�j j�4

Z T

0

ˇ̌�
Œ@�j ISj 0�1u

3�@3�j 0 
ˇ̌
@�j 

�ˇ̌
dt

.
X

jj 0�j j�4

kSj 0�1ru
3
kL1
T
.L1/k@3�j 0 kL1T .L2/

k�j @ kL1
T
.L2/

. c2j 2
�2js
kru3kL1

T
.L1/kr k

2
zL1
T
. PH s/

:

(B.5)

Since
.Sj�1u

3@3�j @ j @�j / D �.Sj�1@3u
3�j @ j @�j /;

the estimate (B.5) also holds for
R T
0
j.Sj�1u

3@3�j @ j @�j /jdt . We apply Lemma 2.7
to obtain X

jj 0�j j�4

Z T

0

ˇ̌�
ŒSj 0�1u

3
� Sj�1u

3�@�j @3�j 0 / j @�j 
�ˇ̌
dt

.
X

jj 0�j j�4

kSj 0�1ru
3
� Sj�1ru

3
kL1
T
.L1/k@�j k

2
L1
T
.L2/

. c2j 2
�2js
kru3kL1

T
.L1/kr k

2
zL1
T
. PH s/

:

The above together with (B.4) leads to

(B.6)
Z T

0

j.@�j .Tu3@3 / j @�j /jdt . c2j 2
�2js
kru3kL1

T
.L1/kr k

2
zL1
T
. PH s/

:

Next, it follows from the proof of (2.7) and divu D 0 that

(B.7) u3 D 2�j
�
divh
�!
�
h

j u
3
C @3�

3
j u

3
�
D 2�j

�
divh
�!
�
h

j u
3
� divh�3j u

h
�
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with
�!
�
h

ka
def
D .�hj;1a;�

h
j;2a/; �hj;na

def
D F �1.z'n.2�j �/ba/; �3j a

def
D F �1.z'3.2�j �/ba/;

where z'n.�/ D �i�n z'.�/=j�j2 and z' is defined as in (2.7). Applying (B.7) and using
integration by parts, we have�

@�j .T@3 u
3/
ˇ̌
@�j 

�
D

X
jj 0�j j�4

�
�j @.Sj 0�1@3 �j 0u

3/
ˇ̌
�j @ 

�
D �

X
jj 0�j j�4

2�j
0˚�
�j @

�
Sj 0�1@3rh 

��!
�
h

j 0�j 0u
3
��3j 0�j 0u

h
�� ˇ̌

�j @ 
�

C
�
�j @.Sj 0�1@3 

��!
�
h

j 0�j 0u
3
��3j 0�j 0u

h
�� ˇ̌

�j @rh 
�	
;

from which we deduceZ T

0

ˇ̌�
@�j .T@3 u

3/
ˇ̌
@�j 

�ˇ̌
dt

.
X

jj 0�j j�4

k�j 0ukL2
T
.L2/

�
kSj 0�1@3rh kL2

T
.L1/k�j @ kL1T .L2/

C kSj 0�1@3 kL1
T
.L1/k�j @rh kL2

T
.L2/

�
. c2j 2

�2js
�
kr kzL1

T
. PH s/krh kzL2

T
. PB
3=2
2;1

/

C k kzL1
T
. PB
3=2
2;1

/
krh kL2

T
. PH sC1/

�
krukL2

T
. PH s/:

(B.8)

Finally, we note that

.@�j .R.u
3; @3 / j @�j / D

X
j 0�j�N0

�
�j @.�j 0u

3 z�j 0@3 /
ˇ̌
�j @ 

�
:

Then, by a similar proof to that for (B.8), we haveZ T

0

ˇ̌�
@�j .R.u

3; @3 //
ˇ̌
@�j 

�ˇ̌
dt

. 2
3j
2

X
j 0�j�N0

k�j 0ukL2
T
.L2/

�
kz�j 0@3rh kL2

T
.L2/k�j @ kL1T .L2/

C kz�j 0@3 kL1
T
.L2/k�j @rh kL2

T
.L2/

�
. c2j 2

�2js
kr kzL1

T
. PH s/kukL2

T
. PH

3
2 /
krh kL2

T
. PH1Cs/ for s > �

3

2
:

(B.9)

The conclusion of the lemma follows from (B.3), (B.6), (B.8), and (B.9). �

PROOF OF LEMMA 4.7. Thanks to Bony’s decomposition (2.8), we have

u � r D Tur CR.u;r /:
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Similar to (B.4), we have

.��j .Tur / j ��j /

D

X
jj 0�j j�4

˚
.Œ��j ISj 0�1u� � r�j 0 j ��j /

C
�
.Sj 0�1u � Sj�1u/ � r��j�j 0 

ˇ̌
��j 

�	
C .Sj�1u � r��j j ��j /:

(B.10)

Again by the time integrability of rh and @3 , we deduce that

X
jj 0�j j�4

Z T

0

j.Œ��j ISj 0�1u� � r�j 0 j ��j /jdt

. 2j
X

jj 0�j j�4

�
kSj 0�1ru

h
kL2
T
.L1/k�j 0rh kL2

T
.L2/

C kSj 0�1ru
3
kL1
T
.L1/k�j 0@3 kL1T .L2/

�
k��j kL1

T
.L2/

. c2j 2
�2js

�
kruhkL2

T
.L1/krh kL2

T
. PH1Cs/

C kru3kL1
T
.L1/k@3 kzL1

T
. PH1Cs/

�
kr kzL1

T
. PH1Cs/:

Next, from Lemma 2.7 one gets

X
jj 0�j j�4

Z T

0

j..Sj 0�1u � Sj�1u/ � r��j�j 0 j ��j /jdt

. 2�j
X

jj 0�j j�4

�
kSj 0�1ru

h
� Sj�1ru

h
kL2
T
.L1/k��j 0rh kL2

T
.L2/

C kSj 0�1ru
3
� Sj�1ru

3
kL1
T
.L1/k��j 0@3 kL1T .L2/

�
� k��j kL1

T
.L2/

. c2j 2
�2js

�
kruhkL2

T
.L1/krh kzL2

T
. PH1Cs/

C kru3kL1
T
.L1/k@3 kzL1

T
. PH1Cs/

�
kr kzL1

T
. PH1Cs/:

This along with (B.10) and divu D 0 leads toZ T

0

j.��j .Tur / j ��j /jdt

. c2j 2
�2js

�
kruhkL2

T
.L1/krh kzL2

T
. PH1Cs/

C kru3kL1
T
.L1/k@3 kzL1

T
. PH1Cs/

�
kr kzL1

T
. PH1Cs/:

(B.11)
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It is clear that

k�j .R.uh;rh //kL1
T
.L2/

.
X

j 0�j�N0

k�j 0u
h
kL2
T
.L2/kSj 0C2rh kL2

T
.L1/

. cj 2�j.2Cs/krh kL2
T
.L1/kru

h
kL2
T
. PH1Cs/ for s > �2;

and hence

(B.12)
Z T

0

ˇ̌�
��j

�
R.uh;rh /

� ˇ̌
��j 

�ˇ̌
dt .

c2j 2
�2js
krh kL2

T
.L1/kru

h
kL2
T
. PH1Cs/kr kL1

T
. PH1Cs/ for s > �2:

Again by (B.7), and integration by parts, one obtains that

.��j .R.u3; @3 // j ��j /

D

X
j 0�j�N0

�
��j

�
�j 0u

3
�
Sj 0C2@3 

ˇ̌
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�
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X
j 0�j�N0

2�j
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��j
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�
h

j 0�j 0u
3
��3j 0�j 0u

h
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� ˇ̌
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�
C
�
��j

��!
�
h

j 0�j 0u
3
��3j 0�j 0u

h
�
Sj 0C2@3 
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��jrh 

�	
:

Then, by Lemma 2.7 one hasZ T

0

ˇ̌�
��j .R.u3; @3 //
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��j 

�ˇ̌
dt

. 22j
X

j 0�j�N0
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T
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T
.L1/k��jrh kL2

T
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�
;

from which, one deduces that for s > �2Z T
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T
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T
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�
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T
. PH1Cs/:

Lemma 4.7 follows from the above together with (B.11) and (B.12). �
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