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ABSTRACT OF THE TALK

Fractional diffusion equations describe various phenomena exhibiting anomalous diffusion that
cannot be modeled accurately by second-order diffusion equations. Fractional differential
equations raise many mathematical difficulties that have not been encountered in the analysis of
second-order differential equations. There are two properties of fractional differential operators
that make the analysis of fractional differential equations more complicated than that for classical
second-order differential equations. These are (i) the fractional differential operators are nonlocal
operators, and (ii) the adjoint of a fractional differential operator is not the negative of itself. The
wellposedness of a Galerkin weak formulation to fractional elliptic differential equations with a
constant diffusivity coefficient and the error analysis for corresponding finite element methods
were proved previously. Many subsequent works were carried out to extend the analysis to other
numerical methods. A constant diffusivity coefficient has been assumed in all these works.

In this talk, we present a counterexample which shows that the Galerkin weak formulation loses
coercivity in the context of variable-coefficient conservative fractional elliptic differential equations.
Hence, the previous results cannot be extended to variable-coefficient conservative fractional
elliptic differential equations. We adopt an alternative approach to prove the existence and
uniqueness of the classical solution to the variable-coefficient conservative fractional elliptic
differential equation and characterize the solution in terms of the classical solutions to second-
order elliptic differential equations. Furthermore, we derive a Petrov-Galerkin weak formulation to
the fractional elliptic differential equation. We prove that the bilinear form of the Petrov-Galerkin
weak formulation is weakly coercive and so the weak formulation has a unique weak solution and
is well posed. Finally, we outline potential application of these results in the development of
numerical methods for variable-coefficient conservative fractional elliptic differential equations.
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